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Abstract While tornado-type flow has been extensively studied in axisymmetric domains,
the influence of curvature on vortex dynamics remains less understood. This study numeri-
cally solves the incompressible Navier—Stokes equations with no-slip boundaries using the
Finite Element Method and swirling initial velocity to explore this effect. Simulations in
non-axisymmetric (curved cylindrical) domains reveal two phenomena: gradual outward
displacement of the main vortex from the geometric axis (center of the domain) and en-
ergy transfer dynamics between radial regions. Greater curvature makes these effects more
pronounced.
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1 Introduction

Research into tornadoes has employed observational (field-based), experimental (laboratory-based),
and computational (numerical simulation) approaches. In observational studies, the pioneering
work of Fujita et al. [4] laid the foundation for quantifying tornado intensity, which was later
expanded through radar observations and storm chaser reports [1, 2]. These studies have revealed
essential features of tornado structure and evolution.

In parallel, laboratory-based experiments have been conducted to recreate tornado-like flows
under controlled conditions [3, 12, 13]. In computational studies, many simulations are conducted
in axisymmetric domains [5, 11] and typically evaluate the sensitivity to flow parameters such as
swirl ratio [7, 14]. In this research, we aim to investigate the behavior of tornado-type flow in
non-axisymmetric domains involving curvature.

Prior research by Hsu, Notsu and Yoneda [5] on axisymmetric tornado-type flow in a straight
cylindrical domain has yielded valuable insights in idealized settings. Using hyperbolic inflow
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with and without swirl, they studied flow behavior near a saddle point. It is observed that only
in the swirl case did the distance from the z-axis to the location of maximum velocity change
drastically at a specific time (called the turning point). Building on their approach using the
Finite Element Method (FEM), we incorporate curvature into our simulations, considering that real
tornadoes are often non-axisymmetric. While curvature significantly influences flow structures,
energy distribution, and vortex behavior, its effects are not yet fully understood. By addressing
this gap, our research enhances the understanding of vortex behavior in non-axisymmetric domains
involving curvature.

Using FEM, we simulate the incompressible Navier—Stokes equations with no-slip boundary
conditions and swirling initial velocity on curved cylindrical domains to investigate tornado-like
flows. Tornadoes form when a latent vortex in the lower atmosphere is stretched vertically by
updrafts into a compact and powerful vortex. To replicate this mechanism, our model incorporates
initial velocities with both upward and rotating flow components (hyperbolic flow with swirl). The
swirl is imposed only at the initial time, with no external forcing, inflow, or outflow applied there-
after, allowing the vortex to evolve naturally. While not being a direct atmospheric simulation,
this approach serves as a fundamental study of how curvature affects the dynamics of a contained,
decaying vortex that shares characteristics with tornado-like flows.

Based on simulation results, we aim to understand the effect of curvature. Observing the
velocity field, we find that domain curvature exerts a greater influence than the initial velocity
profile. It is shown that the location where the maximum magnitude of velocity occurs (hereafter,
it will be abbreviated as the maximum velocity location) for the curved domains gradually shifts
outward, and higher curvature accelerates this motion. Related to this, we also define the central
curve using low-pressure points. It is shown that both the maximum velocity location and the
central curve exhibit outward directional movement.

To analyze the tornado-type flow, we visualize the vortex dynamics by utilizing the Q-criterion
method. Based on Q-criterion observations, we divide the domains into regions where the location
of the main vortex and smaller vortices are estimated. These regions are divided based on distance
from the central curve to observe the energy distribution. Finally, by calculating the energy across
these regions, we capture the phenomenon of energy transfer: kinetic energy is transferred from
the inner region, where the main vortex is located, to the outer region, where smaller vortices are
developed.

2 Numerical Simulations

2.1 Governing equations and numerical method

We consider the incompressibe Navier—Stokes equations with no-slip boundary condition:

{ ov+(w-V)v—vAv+Vp=0,V-v=0 inQx (0,7), @1

v=0 ondQx (0,T), v=v" inQatt=0.

Here, v =v(x,t) : Q x (0,T) — R? and p = p(x,t) : Q x (0,T) — R represent the velocity and
pressure, respectively. v > 0 is the viscosity, v* : @ — R3 is the prescribed initial velocity, and
Q denotes cylindrical domains, which will be defined in Section 2.2. The boundary condition
v=0 on JdQ x (0,T) implies a closed container, with no inflow or outflow.

The FEM used in this simulation is the following prior research [5] which is the stabilized
Lagrange—Galerkin scheme [8, 9, 10], to find a pair of piecewise linear functions (v’,‘l, p’,i), approx-
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imation of (v, p) att = k7, in a strong-representation:

1
. [v’fl(x) —vi! (x— vﬁ’l(x)rﬂ — VAV, +Vph =0,

Vvk =SSP ApE =0,

fork=1,2,...,Ny, where 7,h, 58 >0, and Ny := |T/t] € N are time-step size, mesh size, stabi-
lization parameter, and total number of time steps, respectively. It is worth noting that the scheme
converges to the exact solution with accuracy of order O(t + ) in L=(0,T; H'(Q;R?)) and of
order O(T+ h?) in L=(0,T;L*(Q;R?)) under some conditions, see [10]. In this paper, we chose
7=125%10"2 and & = 1.

2.2 Domain configurations

Figure 1: 3D visualization of the domain shapes of (a) the straight cylindrical domain g and the
curved cylindrical domain Q¢ with its geometric axis (black curve in center): (b) Q¢ with R = 2.0,
(c) Q¢ with R =1.5, and (d) Q¢ with R =1.1.

The domains considered in this study are the straight cylindrical domain and the curved cylin-
drical domains. The straight cylindrical domain Qg (Figure 1a) is defined as

Qs = {xs = (x,7,2) ER’ | —a < z<4a, r(xs) < Fmax} (2.2)

where radius r(xs) = 1/x? + y2, maximum radius rp,x € R and a > 0. To model the curved cylin-
drical domains Q¢ (Figures 1b-d) which are conceptualized as a toroidal segment, we apply the
mapping Ts r : Qg — Qc, given by

Z .,z
Tsr(xs) := (R —(R—x) COS(I_?)’ ¥, (R—x) 51n(E)) (2.3)
where xg € Qg and R > ry,y is torus radius. The curved cylindrical domains are defined as
QC = {xc € RS | Xc = TS7R(.x5), Tmax < R}. (2.4)

For all simulations, we set rp.x = 1, a = 0.125, and Reynolds number Re = 10*. To ensure
turbulent flow while maintaining reasonable computational efficiency, only a single representative
Reynolds number is used. This approach allows us to concentrate on the influence of curvature
variation, which is the primary focus of this study. Note that in the simulations, the number of
points N, is 481265, the number of elements N, is 2828400, the maximum mesh size is 0.0873,
the minimum mesh size is 0.00208, and the average mesh size is 0.0208.

We consider three torus radii R = 2, 1.5, and 1.1, where smaller values of R correspond to
larger curvature. As our curved cylindrical domains are conceptualized as a toroidal segment,
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by the definition of toroidal curvature & = ryax /R, our simulations consider curvatures of § =
0.5, 0.667, and 0.909. In this study, we distinguish between the geometric axis (Figure 1), which
refers to the fixed and time-independent axis at the center of each domain, and the central curve
(Figure 6), which is flow-dependent and may evolve over time.

2.3 Initial configuration

For simulations, we consider swirl initial velocity

Voi=ue + Ugeg +uze;, (2.5

where e, = (1/+/x% +y?)(x,,0), eg = (1//x* +y?)(—y,x,0), e, = (0,0, 1) with:

U, = l[/(l’ 817_B1) (Zagza _ﬁ2)7
p= (7‘ €3, B3) (Z7847ﬁ4)7
o = W(r,&s,—Ps)y(z, &, —Ps),

uy = sign(z)pus,

for y(a,&,0) = (a* +€)°.

The constants & and f3; (i = 1,...,6) are set to 1. By this setting, the initial magnitude of
velocity |v| at (x,y,z) = (0,0,0) (called the center of the initial velocity) is larger than at other
places (see Figure 2). This configuration is chosen so that the center of the initial velocity is located
close to the lower boundary but not on the boundary. Note that the initial velocity and straight
cylindrical domain configurations are like those used in prior research [5] where it numerically
satisfies the divergence-free and no-slip boundary condition after the first time step, not at the
initial step. The initial configuration in (2.5) is defined for the straight initial velocity profile, and
we use the mapping 75 r (Eq. (2.3)) to define the curved initial velocity profiles.
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Figure 2: 3D swirl initial velocity streamlines in (a) the straight cylindrical domain Qg and (b) the
curved cylindrical domain Q¢ with R = 1.5.

3 Results and Discussion

The simulation results are presented to understand the effect of curvature of the domain by ob-
serving the velocity, pressure, kinetic energy, angular momentum, and vortex dynamics.
3.1 Velocity observations

For the curved cylindrical domain Q¢ with R = 1.5, the initial velocity streamlines are shown
in Figure 2b and the evolution of velocity magnitude in the xz-plane is shown in Figure 3. By
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Figure 3: Time evolution of the xz-plane slice of velocity magnitude |v| for the curved cylindrical
domains Q¢ (R=1.5)at(a)t=0.3,(b)r=0.8,(c)r=1.9,and (d) t =2.9.
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default, the swirl initial velocity profile for the simulation is designed to align the domain shape
(Figure 2). However, to investigate the influence of the initial velocity profile on the simulations,
we compare results by pairing domain shapes (€2 and Q) with initial velocity profiles (straight
and curved). We analyze the maximum magnitude of velocity, denoted by |v|w(t) = |V|w, and
its distance from the geometric axis or the maximum velocity location, d(|v|~). The results in
Figure 4 show that the simulation outcomes—specifically the maximum velocity magnitude |v|e
and its location d(|v|.)—are similar for the same domain shape, regardless of the initial velocity
profile. This suggests that the domain geometry has a greater influence on the simulation results
than the choice of initial velocity profile.

@45 | — Qs, straight initial profile (b)
Qs, curved initial profile

4.0 —— Qc R=1.5, straight initial profile
—— Q¢ R=1.5, curved initial profile

0.0 0.5 1.0 15 2.0 2.5 3.0 0.0 0.5 1.0 15 2.0 2.5 3.0

Figure 4: Time evolution of (a) the maximum magnitude of velocity |v| and (b) its distance to the
geometric axis d(|v|«), for combinations of domain (straight cylindrical domain Qg and curved
cylindrical domain Q¢ with R = 1.5) and initial velocity profile (straight and curved).

The influence of domain shape is investigated through simulations of the curved cylindrical
domains Q¢ with varying curvature. Results in Figure 5 show that in Q¢, the maximum velocity
location moves progressively farther from the geometric axis, unlike in g, where it remains
close. This suggests that curvature of the domains causes the maximum velocity location to move
outward. Furthermore, higher curvature (smaller R) results in larger d(|v|), indicating that the
maximum velocity location shifts farther from the geometric axis.

3.2 Pressure observations

To further understand the flow behavior, we analyze a line of low-pressure, which we define as
the central curve. The central curve is calculated at each time step ¢, so the time notation will be
omitted. First, let us consider a set of nodes M := {P € R? | P is a node point}.

Using the definitions in (2.2), (2.3), and (2.4), the cross section plane-/ in the straight cylindri-
cal domain is defined as T} = {(x,y,2) € Qs | 2=z, x>+ < rmax}. Then, the definition for the
curved cylindrical domain HIC =Tsr (H;g ) for I =0,...,N; (where N; = 100). Note that vertical
height z; € [—a,4d] is equally divided by N,;. The minimum pressure point in each plane-/ is given
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Figure 5: Time evolution of (a) the maximum magnitude of velocity |v|. and (b) its distance to the
geometric axis d(|v|«), for the straight cylindrical domain Qg and the curved cylindrical domains
QcwithR=2,R=15,andR=1.1.

by:

Pin := argmin{p(P)},
PEM[

where M; := M NI, represents the intersection of node points and the cross section plane. Here,
I, = HIS is for the straight cylindrical domain and HIC is for the curved cylindrical domains.
Note that pressure at the point Py, is smaller compared to pressure at any point in plane, i.e.
P(Pmin,l) < p(P) forall P € M;.

To define a continuous central curve from the discrete pressure minimum points, which exhibit
numerical noise from the discrete mesh, we applied a least-squares fit using a cubic polynomial.
This fitting approach was chosen to generate a smooth trajectory from the rough raw data. The
representation of the central curve, {C(&) € R? | & =z}, is given by:

) relVe rder e

C&)= c(()Z) + cgz) &+ c§2) 5,2 + cg2)§l3

e v e
The coefficients ¢ = [c(()l) . ,ch)] were determined by minimizing J(¢) := 3(¥;|C(&) — Puin|?)-
Detailed projections of the central curve for the curved cylindrical domain Q¢ with R = 1.5 are
shown in Figure 6, revealing a shift toward the negative x-axis and positive y-axis. The average
movement speeds in the same directions for R = 2, 1.5, and 1.1 are 0.366, 0.418, and 0.49,
respectively, indicating that smaller R results in faster outward motion. This trend aligns with
the earlier observation of d(|v|.) (Figure 5b) and further supports the connection between low-
pressure regions and high-velocity regions. At present, faster outward motion has been observed as
a fact, and we anticipate this may be a type of centrifugal instability. However, rigorous physical
insights—such as whether centrifugal force can be expressed using only part of the cylinder—

remain a future challenge.

3.3 Vortex identification using Q-criterion

For further study of dynamics in the curved cylindrical domains, we employ the Q-criterion
method [6] to objectively identify vortices. Q-criterion was selected for vortex identification based
on its theoretical advantages over vorticity magnitude in wall-bounded flows as mentioned by
Jeong and Hussain [6]. Unlike vorticity magnitude, which exhibits maximum values at walls re-
gardless of actual vortical motion, Q-criterion vanishes at stationary walls where shear strain and
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Figure 6: Time evolution of the 3D central curve (blue) with its projection on 2D planes for the
curved cylindrical domain Q¢ withR=1.5at(a)t =0, (b)t=1.9, and (c) t = 3.

vorticity have equal magnitude. This distinction is critical for these simulations, where the pres-
ence of walls could cause vorticity magnitude to misidentify shear-dominated regions as vortex
cores.

The Q-criterion method evaluates the local balance between rotational and straining motions
through the velocity gradient tensor. It is defined as:

05 (IWF-15P) = 5 (L W3- 183) Gy
ij ij

where W = %(Vv — (VV)T) is the antisymmetric part (representing rotational motion) and S =
%(Vv + (VV)T) is the symmetric part (representing strain rate). A vortex is identified when rota-
tional motion dominates over strain, indicated by O > 0. Higher value of Q indicates a vortex with
stronger rotational force.

Visualizing the Q-criterion for Q > 50 in the curved cylindrical domain Q¢ with R = 1.5,
we obtain Figure 7, shown for t = 0.8 and + = 1.9. In the visualization, we can observe the
vortex dynamics and the fact that the central curve (black line) is in the center of region with most
vortices. This region is estimated to be the location of the main vortex (most coherent structure
imposed by initial velocity), located within 0.15 of the central curve. Then, the vortices will spread
out further to distances around 0.4 and further around 0.7. These distance estimates will later be
used to divide the domains to observe the energy dynamics in the simulations.

The Q-criterion analysis clearly distinguishes vortex structures based on intensity, with strong
vortices (blue, O > 750) and weaker vortices (red, Q > 250) visible in Figure 8. At ¢ = 0.3, the
main vortex aligns with the central curve at the pressure minimum. By ¢ = 0.9, it is observed
that the main vortex and the central curve are moving outward from the geometric axis while
smaller vortices (smaller structures compared to the main vortex with shorter lifespan, which
are not present in the initial condition) appear around the main vortex. This displacement cor-
relates with both the velocity trends (Figure 5b) and the central curve movement derived from

low-pressure regions (Figure 6).

3.4 Energy transfer observation

To roughly investigate flow dynamics, we divide the domains into three regions. Observing the
location of the main vortex and smaller vortices (Figure 8), we define three regions based on the
radial distance |r,| from the central curve: the inner region r,; for |r,| < 0.15, the middle region
ren for 0.15 < |r,| < 0.4, and the outer region r, 3 for 0.4 < |r,| < 0.7. With this division, the main
vortex is located primarily in the inner region, and smaller vortices are found mostly in the middle
region. This enables clearer analysis of energy distribution and transfer between regions. Notably,
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Figure 7: 3D vortices in the curved cylindrical domain Q¢ (R = 1.5) using Q-criterion for Q > 50
(red) att = 0.8 (a, ¢) and r = 1.9 (b, d) with front-(a, b) and top-views(c, d). The central curve
(black), the inner r, 1 (blue), the middle r, > (light blue), and the outer 7, 3 (gray) regions are shown.

the inner region has the smallest volume (4.59%), the middle region is larger (28.06%), and the
outer region has the largest volume (67.35%).

By calculating the kinetic energy in each region, we can observe the energy transfer between
them. The kinetic energy E quantifies the total fluid motion, where higher values indicate more
energetic flow structures:

1 &,
E:/QC2|V| dQc~ 3 Y |v. V. (3.2)

with total number of elements N, where v, is the velocity vector and V, the volume of the tetrahe-
dral element. Figure 9 shows the gradual decay of energy in all simulations.

Figure 10 shows the total kinetic energy in each region and Figure 11 shows energy density,
which is normalized energy over the volume. Observing both graphs, the transfer of energy across
regions can be captured. At early times, as the energy in the inner region (blue line) decreases, the
energy in the middle region (orange line) increases. This shows the energy transfer from the inner
region (7,,1) to the middle region (r, 7). After that, the transfer from the middle region (7, ») to the
outer region (7, 3) occurs, indicated by the orange line decreasing while the green line increases.

Regarding the timing of the energy transfer, the simulations show that in the domain with
higher curvature (R = 1.1), the transfer happens earlier compared to other domains. These obser-
vations show that energy from the inner region, where the main vortex is located, is transferred
to the middle and then the outer region, where smaller vortices are developed. The influence of
domain curvature manifests in these dynamics. Higher curvature accelerates both the central curve
movement and the energy transfer from the inner to the outer regions. Conversely, lower curvature
promotes less shift dynamics in a radial sense.
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Figure 8: 3D vortices in the curved cylindrical domain Q¢ (R = 1.5) using Q-criterion for Q > 250
(red) and Q > 750 (dark blue) att = 0.3 (a, ¢) and ¢t = 0.9 (b, d) with front-(a, b) and side-views(c,
d). The central curve (black), the inner . (blue), the middle r.» (light blue), and the outer 7, 3
(gray) regions are shown.
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Figure 9: Time evolution of total kinetic energy E and its absolute rate of change |AE|/At, for the
curved cylindrical domains Q¢ for torus radii R =2 (a, d), R=1.5 (b, e),and R = 1.1 (c, f).

4 Conclusion

Simulations in the curved cylindrical domains Q¢ reveal dynamic behaviors that are absent in
prior research [5] in the straight cylindrical domain Qg. Specifically, the location of the maximum
magnitude of velocity moves outward from the geometric axis, aligning with the displacement of

the central curve derived from low-pressure regions. Higher curvature accelerates this outward
motion.
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re (orange), and the outer region r, 3 (green) in the curved cylindrical domain Q¢ with (a) R = 2,
(b)R=1.5,and (c) R=1.1.
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Figure 11: Time evolution of the kinetic energy density E /volume for the inner region r, ; (blue),
the middle region r. > (orange), and the outer region r, 3 (green) in the curved cylindrical domain
Qcwith(@)R=2,(b)R=1.5,and (c) R=1.1.

These findings are significant because they demonstrate that non-axisymmetric geometry, a
feature of real-world tornadoes, fundamentally alters vortex dynamics. While axisymmetric mod-
els provide crucial insights, our results suggest they may miss key mechanisms related to vortex
displacement and the redistribution of energy. The curvature-induced energy transfer from the
inner region—where the main vortex is located—to the outer region—where smaller vortices de-
velop—could represent a fundamental pathway for vortex decay. As a fundamental study of a
decaying vortex in a closed container with no imposed inflow or outflow, this work isolates the
effect of curvature. Future research should build upon these findings by incorporating additional
physics to better simulate the tornado-type flow.

Appendix

In the simulations, a single representative Re is used. Here the maximum magnitude of velocity
|v|e and the maximum velocity location d(|v|.) are shown for different Reynolds numbers Re =
5000, 10000, and 50000 (Figure 12). The results show that a larger Re amplifies the trends, but the
overall qualitative behavior of flows remains essentially unchanged. For reasonable computational
efficiency, Re = 10000 is used in the simulations.
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Figure 12: Time evolution of (a) the maximum magnitude of velocity |v|. and (b) its distance
to the geometric axis d(|v|), for the curved cylindrical domain Q¢ with R = 1.5 for Reynolds
number Re = 5000, Re = 10000 and Re = 50000.
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