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Abstract We study a variable-step BDF2 time discretization along the trajectories of fluid
particles for convection-diffusion problems. Let r,, := 1,,/7,,—1 (n > 2) denote the consec-
utive time-step ratio corresponding to the n-th time-step size 7,,, and let R € (0,1 + V3) be
a fixed constant. Under several assumptions, including a uniform bound r,, < R, we prove
stability and convergence with second-order accuracy for the resulting time-discrete scheme
in the £ (0, T, Hé (Q))-norm.
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1 Introduction

In the numerical analysis of time-dependent partial differential equations on non-uniform time
grids, the variable BDF2 (the backward difference formula of degree two) method is an effective
second-order time integrator. For a final time 7 > 0,let 0 =19 < -+ <itn, =T, Ty =ty — ty-1,
and r, = 7, /7,—1 be the non-uniform time grid, time-step size, and consecutive time-step ratio,
respectively. The conventional ODE theory establishes zero-stability of variable-step multistep
methods on variable grids, and in particular of variable BDF formulas, under suitable restrictions
on the ratios {r, }, cf., e.g., [8,10]. Motivated by these considerations, the variable BDF2 analysis
for parabolic evolution equations typically assumes a uniform bound r, < R (n > 2) with
R, a method-dependent stability threshold. Under such ratio constraints, energy techniques yield
£°(0,T; L*(Q))-type stability and second-order error estimates on nonuniform time grids for linear
parabolic equations [2, 3], for semilinear parabolic equations [9], and for semilinear parabolic
equations including reaction-diffusion equations as a special case [19]. Moreover, recent work
further improves admissible ratio bounds for parabolic equations with self-adjoint elliptic part by
employing refined multiplier arguments [1].

The convection-diffusion equation serves as a fundamental model in fluid dynamics and is
often viewed as a simplified prototype for transport processes arising in incompressible flow
simulations [13, 18]. Consequently, developing robust numerical schemes for this equation is a
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prerequisite for simulating complex fluid flows, as it provides essential insights into the behavior
of transport phenomena driven by prescribed velocity fields [13].

However, in convection-dominated regimes, standard Eulerian Galerkin-type discretizations
may suffer from spurious oscillations [6,7]. To address this issue, characteristic-based approaches,
especially the Lagrange—Galerkin method, have been widely adopted [4,5,13,15-17]. This method
incorporates the method of characteristics into the finite element framework by approximating
the material derivative along characteristic trajectories [13,15]. Such a Lagrangian treatment
effectively decouples advection from the time evolution and typically reduces the core difficulty to
solving diffusion-(reaction) type subproblems, which yields strong stability even for high-Péclet-
number flows [14, 15, 17].

In this paper, we propose a second-order Lagrangian time discretization with variable steps for
convection-diffusion problems and establish the theoretical foundation of the proposed method.
Relying on the variable-step BDF theory on nonuniform grids [8, 10, 11] and the stability and
error analyses for parabolic equations [1, 3,9, 19], we rigorously prove stability and convergence
of the scheme in £ (0, T; Hé (Q))-norm under the standard step-variation restriction expressed by
bounded step-size ratios. We note that our upper bound of r,, is larger than that in the zero-stability
theory; Ry = 1 + V2 for the zero-stability and in our analysis R; = 1 + V3. This is obtained by
explicitly exploiting the ellipticity of the elliptic operator.

As far as we know, there are no theoretical results for the Lagrangian BDF(-type) time dis-
cretization with variable steps. For flow problems, especially with a high Péclet number, we
need to take into account another constraint on the time-step size, the so-called CFL condition,
which makes numerical schemes complicated. The Lagrangian time discretization has, at least for
convection-diffusion problems, the significant property of being CFL-free. Although we consider
only a semi-discretization in this paper, based on the existing literature on Lagrangian approaches,
we expect that the Lagrangian time discretization relaxes the usual CFL restriction arising from
the convection term, even when variable time steps are employed.

The remainder of this paper is organized as follows. Section 2 is devoted to the formulation of
a Lagrangian time discretization with variable time steps. In Section 3, we state the main results
concerning stability and convergence. Section 4 provides detailed proofs of the main results.
Concluding remarks are given in Section 5.

2 A Lagrangian time discretization with variable steps

The function spaces and notation used throughout this paper are defined as follows. Let ©Q be
a bounded domain in R? with d = 1,2, or 3, and let T > 0 be a fixed final time. We use the
Lebesgue spaces LP () and the Sobolev spaces WP (Q), H*(Q) (= WK*(Q)), Hj(Q), and
W(;’W(Q) ={f eWh°(Q)| f=00ndQ}, for k € NU {0} and p € [1,c0]. For a normed
space X, its norm and, if it exists, its seminorm are denoted by || - ||x and | - |x, respectively. For
simplicity, we write || - || := || - || 2(o)- For m € N U {0} and a Banach space X, we define the
function spaces H™(X) = H™(0,T; X) and C(X) := C([0,T]; X). When no confusion arises, we
omit the domains (0,7) and Q. For example, we write C(W!*) instead of C([0,T]; W'*(Q)).
For 19, t; € R with ¢y < 1, we introduce the function space Z™(ty, t;) defined by

m
Z"M(to, 1) = ﬂHj(to,ll;Hm_j(Q))
=0
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with the norm
12

m
. 2
”f”zm(l(),tl) = (Z “f”Hj(to,tl;Hm_j(.Q)) ’
J=0

and set Z™ = Z"™(0,T). We use ¢ and ¢, to denote generic positive constants, independent
of {1, }», and independent of and dependent on the velocity u, respectively. A superscript’ (prime)
is often used to distinguish between two constants, such as ¢ and ¢’.

We consider a convection-diffusion problem to find ¢: 2 % (0,7) — R such that

Dy —vAp = f in Q% (0,7), (2.1a)
$=0 on 0Q x (0,T), (2.1b)
¢ = do in Q,atr =0, (2.10)

where O, denotes the material derivative defined by

D; = % +u-V,
for a given velocity field u: @x(0,T) — R4, v > 0isadiffusion coefficient, and f: 2x(0,T) — R
and ¢g: £ — R are given functions.
We consider a time-discretization for problem (2.1). Let {tn}nN:TO c [0,T]withO =1y <t] <
- < tny = T be a non-uniform time grid. Let 7, := ¢, —t,-1 (1 < n < N7) be the n-th time
step size and 7 := max{r,; n = 1,..., Ny} the maximum. We introduce two parameters r,, and
a;, defined by

. Tn . Tn n
rp = . ay =
Tn-1

Ty +Tno1  L+r1,

which are the consecutive time-step ratio and its normalized counterpart, respectively. For a
function g defined in Q x (0, T), we denote simply g" = g(-,t,). For k =0, 1, 2, we introduce the
k-th characteristic/upwind mappings X", : Q — R4 with respect to the velocity field u at ¢t = ¢"
defined by

ka(x) =x = (ty = thp)u" (%),

where X is nothing but the identity map, which is used in the analysis later. In the following, we
use the symbol “o” to represent the composition of functions, i.e., for a function ¢ defined in Q,

(¥ o X 1(x) = ¢ (XL ().

Let ¢2 (= ¢° = ¢p) and ¢L (=~ ¢') be assumed to be given. Now, we present a second-order
Lagrangian time discretization with variable steps for (2.1): find {¢?: Q — R;n =2,...,Nr}
such that, forn =2,..., Np,

Da¢" — vAg" = f™, in Q, (2.2a)
¢" =0, on HQ, (2.2b)

where D5 is an approximation of D, defined by, in general, for {¢": @ > R; n=0, ..., Ny} and
n= 2, ey NT,

-~ 2Tl’l +Tn_] 1 Tl’l 1 2
Dyp" = —————(¢" —¢" o X)) - ———————(¢" o X! —¢" "0 X))
Tn(Tn + Tn—l) ! Tn-1 (Tn + Tn—l) ! 2
2T, + Ty Tn + T T,
n n—1 ¢n _'n n l¢n_1 o Xf] + n n-2 ° X’_12.

B Tn(Tn + Tn—l) ThTn-1 Th-1 (Tn + Tn—])
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Remark 1. 52(])" can be also written as, with r,, or ay,

-~ 2r, +1 r
D-o" = _n X" — n-1 X)) — n n-1 ) - n-2 X"
26 Tn(rp+1) (¢% 0 Xg = ¢ o X)) Tu-1(rn +1) (¢r " o X5 =97 70 XT)
_ 1+a, an

(¢" o Xy = 9" o X)) -

-— - l(aﬁ':“ o X" — ¢ o X))
n n—

Remark 2. The well-known BDF1 and BDF?2 discretizations with variable steps for /0t are given
by

1 _

Di¢" = —(¢" - ¢"),
Tn

2T, + Tnoi

Di¢"+ — D" = (1+an)D 19" — anD1d""".

D2¢n =
Tn + Tn—1 Tn + Tn-1

The discrete operator D, isan approximation of Dy by using the idea of BDF?2 along the trajectory
of a fluid particle, and it is, therefore, obvious that Dy = D, when u = 0.

At the end of this section, we provide a weak formulation to problem (2.2). Let ¢2, ¢! € ¥ =

HS(Q) be given. The weak formulation is to find {qﬁﬁ}N:T2 C ¥ such that, forn=2,...,Np,

(Do ) +a(¢ ) = (f" ) Wy e?, 2.3)

where a(-, -) is the bilinear form defined by

a(¢,y) = v(Ve, V).

Remark 3. Problem (2.3) is uniquely solvable by the Lax—Milgram theorem, if $°, ¢\ € L*(Q),
f e C([0,T]; L>(Q)), u € C(]0, T];WS’OO(Q)d), and tlu|cwi.~) < 1/8, where Proposition 7
below ensures that all upwind points of x € Q by the mappings X", (k =1,2,n=2,...,Nr) are
in Q and that their Jacobian values are close to 1. See also Remark 6 below.

3 Main results

We start this section by setting hypotheses for the velocity u and reviewing previous results.
Hypothesis 4 (condition for the velocity). The function u satisfies u € C([0,T]; WS"’O (Q2)9).

Hypothesis 5 (condition for steps). The set of step sizes {Tn}nN:T] satisfies the condition (1, +
Tn-D)|u" lwiw gy < /4 forn=2,...,Nr.

Remark 6. 7|u|cw1.«) < 1/8 is a sufficient condition for Hypothesis 5.

Proposition 7 ([15, 18]). (i) Under Hypothesis 4 and (1, + Tn_1)|u”|W1,m(g) < 1, it holds that
X" (Q)=Qforn=2,...,Nrand k = 1,2. (i) Under Hypotheses 4 and 5, it holds that
1/2 < det(VX")(x) <3/2forn=2,...,Nrand k = (0,)1,2.

3.1 Stability

Nt

For a given series of functions {¢7}, 7,

we define the following norms, for i < j,

Il g sy ,e;:02) = max{ll@7ll; i < n < j},
J



Yuki Karasawa and Hirofumi Notsu 5

i 12 i 1/2
||¢T||€2(zi,tj;L2) = {Z Tn”‘pillz} s ||¢T||,E(2,(t,-,z]-;L2) = {Z a’nTnHQﬂHZ} ,

n=i n=i

and set || lpor2) = ¢ lleory 02y and | dll 222y = ¢l 2y 702y~ Let Ry =1+ V3. After
setting a hypothesis, we present stability results.

Hypothesis 8. For a fixed number R € (1, R}), the set of the consecutive time-step ratios {r,,}f:[:T2
satisfies the conditionr, < Rforn=2,...,Nr.

Theorem 9 (stability for the time discretization). Let f € C([0,T];L*(Q)) and ¢°,¢) € ¥

be given. Suppose that Hypotheses 4, 5, and 8 hold true. Let ¢, = {qﬁﬁ}nN:Tz be a solution to

problem (2.3). Then, there exists a constant Cy > 0 independent of {1, },, and Nt such that
WIIVlles o r:02) + D102l 2 (1, 7.12)
< CH WV + VVIVSl + VTID1 G + I fll 2 roasy |- BD)

Remark 10. The value of R, is larger than the zero-stability bound for variable BDF2, Ry = 1+V2,
since our analysis explicitly exploits the ellipticity of the elliptic operator —A.

Theorem 11 (error estimates for the time discretization). Let f € C([0,T]; L*(RQ)) be given.
Suppose that Hypothesis 4 holds true. Let ¢ be the solution to problem (2.1). Assume ¢ € Z3. Let
{tn};]:I:To be a set of nonuniform time grids satisfying Hypotheses 5 and 8. Let ¢9, qbi € ¥ be given
with ¢0 = ¢o. Let ¢ = {¢ﬁ},11V=T2 be the solution to problem (2.3). Then, there exists a constant
C, > 0 independent of T and Nt such that
VIV(6 = 8 iy + 1D1(S = )l 3 1702y
< C[WIV(g' - gDl +ValDi (¢! — ¢l + Ml 2] (B2)

The next corollary holds immediately from (3.2).

Corollary 12. If the first step ¢\ is provided sufficiently accurately, then the error of the time
discretization (2.3) is of order O(7?) in £°(0,T; Hé)-norm.

4 Proofs

For the proof of Theorem 9, we prepare two lemmas, cf. [9, 12] for the proofs.

Lemma 13 ([12, Lemma 6]). Under Hypotheses 4 and 5, we have the following inequalities for
the mappings X", (k € {1,2},n € {2,...,Nr}):

g =y o X2l < Ealtn = ta) IV Yy € H'(Q).
for a positive constant ¢}, depending on ||u" ||~ (@) and independent of {7, } .

Remark 14. The constant ¢}, depends on ||u"|| .= (@), which is bounded by ||u||c (L~). Hence, there
exists a positive constant ¢, independent of n such that ¢, < ¢,,.

Lemma 15 ([9, Lemma 1]). Let a,, by, ¢y, A = 0 with {c, }n>> being non-decreasing. Suppose
that the inequalities

n—1
an+bnsz/lja_,~+cn, n=273,---
j=2
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hold true. Then, it holds that, forn =2,3, ..,

n—1

n—1
an+b, < cnl_l (1+24;) < cnexp(z/lj).

j=2 =2
4.1 Proof of Theorem 9
Noting that

n.an _ n _ Tnt Tn-1, -1 o X" _ 41 X" n-2

D2¢T - D2¢T Tl (¢T X—l ¢T ) Ty ](Tn + Ty 1) (¢ _2 ¢T )

1 n n n— n— n n—
= Do~ (@ o X = ) (9 o X ),
we rewrite (2.3) as
(D22 0) + (@ 0) = (f" ) + —2 (@7 o X7\ — 6771 y)
- (¢ X"y = 772, 4) Vg e,

Tn + Tn-1

which implies that, for ¢y = 27,D14% € ¥,

27,(D2¢", D1¢7) + 210a(¢’;, D1¢%)
=20, (f", D1¢7) +2(1 + 1) (8" 0 X", = ¢!, D147)

2ann n— n n— n
- T (¢" P o X", — ¢, Digl). 4.1)

Tn + Tn—1

Each term in (4.1) is evaluated as follows:

27, (D29, D1¢7) = 27, (D147 + an (D162 — D1¢7"), D14%)

=27, D1¢% 01 + anTu (1D1 921> = D13 1> + 1I1D196% — D12 11%)

> 27, || D104 11° + T (ID1604117 = 1 D167 I17), (4.22)
2v(Velr, V(gh - ¢ h)
v(IVOLIP = IV 1> + IV (% — ¢ )II1%)

2Tna(¢2’ Dl¢,71')

> v(IVe2I* - IVe2 %), (4.2b)
.
27, (f", D1g?) < E—:nf"n2 + €Tl D192 1%, (4.2¢)
_ B (1+r ) _
2(1+7,) (677" 0 X", — 971, D19")| < m" 927" o X", — ¢ 1* + €17l D1 971
n
(E”)2(1 +r )27' _
< - Ve + e D19, (4.2d)
Zr"Tn n— 2 n n-2 n 2 n n-212 ni2
P 1(¢ X" - ¢, D1g7)| < mw X" =77 + mwea|| D147 ||
n n
(E)’rat -
< ”E—Z""IIVWi 212 + mae| D192, (4.2¢)

for any constants €, > 0 (k =0, 1,2), where Lemma 13 has been employed in (4.2d) and (4.2¢).
Combining (4.2) with (4.1) and introducing a number €, = €y + €] + €, > 0, we have

2 - €Tl D184 + antn (ID16711° = ID167 7 1%) + VIV = vIIVeL I
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(n22

(E")2(1+rn)2‘rn cereT,
t %IIW [ 4.3)

Vg7~ 11% +

-
< ZNFP+

€0
Let N € {2,..., Ny} be any fixed number. By summing up forn = 2,3,..., N in (4.3), we have

N-1

(2+an —e)n|IDigY|1* + Z [(2+ @y — €)Tw = A1 Tust | ID19217 — 22| | D1 1|
n=2

+ v||V¢TN 1> - v||V¢L||2

g Z 1P + Z )T - 1||2+Z .

2 R2 r2
&= < wr = 2 (r € [0,R]) and @ni1Tpet = 27, < R .. and choosing

14+rpe1 " — 1+R
2
=12- &) =6 >0(i=0,1,2),ie, e =2 - £ =3¢, > 0, we have

”)2r Tn

V22,

. 2
Noting { <

RZ

1+R

R+ a, —€)Th — Ani1Tnel = Tn (2 +a, — € — ) > anTn,

which implies that

N
N2 2
VIVON 2 + " antall D1 g2
n=2
112 192
< V[[VgLIP + arna| D1

1
+_
Ex

Dl P+ A+ R Dt [V + 2R Y. Taial Ve

n=2 n=1 n=0

N N-1
PRAVEETAGEIET DY Tn+1||V¢';||2]

n=2 n=0

N N-1 N-2 ]

1

12 12
< VIV lI” + arna|[Dig || t—
*

N-1 N

1
< 3 etV IV +VIVOLIE + axral Digb IR + — 3 wull £, (44)

n=0 *n2

where we have used the inequality ¢} < ¢, for a positive constant ¢,,, cf. Remark 14, for the

first inequality, and the relation 7,,4» < R7,. for the second inequality, and ¢, = ¢ [(1 + R)2
R3]/(vex). From Lemma 15 with

N
An=cytun, an =VIVYIP, by = D antallDiglh?,

n=2
1 N
en = TVl VELIP + (evra + DYIVELIP + arnal Digh I+ — ) wull 11,
* n=2

we obtain

N
N2 2
VIVOY P + > antall D1l
n=2

N
1
< cV71VI|V¢TII2+(chz+1)V||V¢TII2+asz||D1¢TII2+—ZTnIIf I (1+Can+1)

* n=2 n

2

|
[\S)
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N
< coxp(e,T) (v||V<z>2||2 FVIVOLIE +naliDigt P+ ) rn||f"||2)
n=2
2 (tp,tn:L2)

< ¢ exp(e,T) (VIVGLIP + VIO + 1 D1 LI+ [1£12 ).

for some positive constants ¢ and ¢’, which completes the proof with C; = V2¢’ exp(c, T/2) by
the arbitrariness of N.

4.2 Proof of Theorem 11

Let ¢ be the solution to problem (2.1) and ¢, be the solution to problem (2.2) for given ¢? (=
do), L € P. Lete™ = ¢" — ¢" and n" := D,¢" — D2¢". The equation for the error {e"}f:’gz cY
is given as follows:

(D", y) +ale™,y) = (", ¢) Yy e, (4.5)

where ¢*(= 0), e! € ¥ are given.
For x € Q and n € {0,..., Nz}, we introduce the differential operator D! (x) with the
velocity u" (x), which is a version of 9, and often used in the sequel, defined by

- 0
D (x) = 5t u"(x) -V,
that is, for (%,7) € Q x (0,T),
1] ~ 8 n ~ a¢ ~ n ~
[Dr0e] (&0 = | (5 +0" (@) - V)| (5.D) = F5(ED) +u"(x) - V(E.).
Lemma 16. (truncation error) Assume ¢ € Z3. Suppose that Hypotheses 4, 5, and 8 hold true.
Then, there exists a positive constant ¢, depending on ||u"|| .~ (0) and independent of {t,}, such

that

~ 3/2 ~n_3/2
7™l < & max{n, Tac1 P21l 2301, 00y < E0T Wbl 2310 00y 7 E {25+ N7}

Proof. Letn € {2,---,Nr} be fixed arbitrarily. Let y", (x,s) = x — u"(x)(1 = 5)(tn — th—k)
and 1", (s) = th—k + 5(tn — tn-k) be a trajectory of a fluid particle for k = (0,)1,2. Applying the
identity

1
€0 =)~ g )+ 3670 =3 [0

for g(s) = ¢(y", (-, 5), 1", (s)) and changing a variable from s to = 1", (s), we have the following
expressions of (¢" % o X" ) (x),

<¢n—k © ka)(x) =¢"(x) = (tqn = ta-1) (Dr9") (x) + %(tn - tn—k)z(D12¢n)(x)
- %/ " (t = thei)* [ D] (%)@ (x — u" (x) (tn — 1), ) dt, (4.6)
for k = 1,2, which imply that

7" (x) = (Di¢™) (x) = (D2¢™) (x)
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B n B 20+ 1, C TntTuol o X" Tn n-2  yn
- (Dt¢ )(X) [ n(Tn + Ty l)¢ TnTn-1 ¢ X_l * Tn— 1(Tn +Tn_1)¢ X_z (X)
TZ"T:TT: 11 /n (t = tae1)? [ DI (x) ] (x = u" (x) (1, — 1), 1) dt
* 27,1 (Tnn+ Tp-1) -/tn-z(t ~tn-2) [Z_)? (X)3¢] b= @) =), t) ar 7

We evaluate ||| from (4.7) as follows:

In _ 2
Il < / [k / (t = 10 P D7 0] = ()0~ 11.0) ]

TnTn-1

n

2
[l [ Bl -0 af o
=L +D. (48)

Letch | = c(1+R)2(1+||u"||Loo(g))3,c”z 5 = cR2(1+||u”||Loo(g))3,andéﬁ = max{c" |, 8" 2}1/2,
to be used in what follows. From the following estimates of /1 and I,

_ 1 (1, + T 2 tn i n )
h _/Q 217 ( Tpoi ) [/ (t = 1n-1)* [ D' (%) (x = u" (x) (80 — 1), 1) di| dx
< (1-2::1)2 / (/ (t =ty 1) dt)(/ [Dn(x) ¢] —u"(x) (1, —t),t)zdt) dx

_ (1+ R,

10 . ‘/lrz—l(—/_(Q[Z_)ln(x)3¢] (X—Mn(x)(tn_t),t)de) dt
e /tn (/ (070111 dy) dr (byy =x—u"(x)(t, 1), Prop. 7)
In-1 Q

< Tallels g e 4.9)

I < / I(Tn+Tn 1) (/n (t — ty-o)* dt)(/tn’:[@?(x)%](x—Mn(x)(tn—t),t)zdt x

_T (Tn+Tn )3 / (/ Z),"(x)3¢] (x—u”(x)(tn—f),t)de) dt

<Rt [ ( JREAES ¢]<y,r)2dy) d
th-2
<& (Tn+T01)’ ||¢||Zz(, i)’ (4.10)
we finally obtain
P < b+ < 8T lola, )+ e+ ) ol 2, L)
< @2 max{ry, o PlIolZs, LS @0, L,
which completes the proof. O

Remark 17. ¢, depends on ||u"|| = (o), which is bounded by |lul|c(r~). Hence, there exists a
positive constant ¢,, independent of n such that ¢} < ¢,,.

Proof of Theorem 11. Applying Theorem 9 for (4.5) with ¢ = ¢ (= ¢ — ¢;) and f =1, we have

VIIVellnoy raz) + ID1el 2 722) < CH NIV I+ VD M+ Il 7z (A1D)
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Since Lemma 16, together with Remark 17, provides the estimate

Nt
2 24 2 24 2
122y gz < D@ NGNS, L, <2807 101500 1
n=2

we obtain the desired result (3.2) by combining the above with (4.11). O

5 Conclusions

In this paper, we proposed a second-order Lagrangian time discretization with variable time steps
for convection-diffusion problems and established its stability and convergence in the £~ (H(l))
norm. The admissible upper bound for the step-size ratio obtained in our analysis exceeds that
of the classical zero-stability theory, thanks to an explicit use of the ellipticity of the underlying
operator. To the best of our knowledge, this work provides the first theoretical results for Lagrangian
BDF2 time discretizations with variable time steps. Although our analysis is restricted to a semi-
discretization, existing studies indicate that Lagrangian time discretizations relax the usual CFL
restriction arising from the convection term, thereby supporting their effectiveness for convection-
dominated problems.
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