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Abstract We present a new characterization of Sobolev spaces on the sphere. We follow
the idea of Barcel6 et al. (2020) and develop the square function they used to characterize
the Sobolev spaces. We discuss in detail the weight and the range of the averaging in the
definition of the square function, and we find it possible to limit the domain of the averaging
within a local coordinate of the sphere.
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1 Introduction

Several characterizations of Sobolev spaces without using the notions of distributional derivatives
have been introduced by many researchers. Among them, we are interested in the work by Alabern
etal. [2] on R? (d > 1) by using the following notion of the square function for o € (0,2):

2
IB(x) — f(%) ?’ CERY

toc

SalF200:= [

Here f is a locally integrable function on R¢ and JB(x;) 18 the averaging of f on the open ball with
center x and radius ¢, that is,

1
= d
TB(xn) \B(x,f)!/g(x,t)f(y) y

and |B(x,t)] is the Lebesgue measure of B(x,7).
Theorem 1.1 ([2, Theorem 1 and 3]). For 1 < p <o and 0 < a < 2, the following are equivalent:

(1) f e WP (RY). (2) f € LP (R?) and S4(f) € L” (RY).
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2 Characterization of Sobolev spaces on the sphere

Later Barceld et al. [3] got a similar result for the Sobolev spaces H% (Sdfl) = W2 (Sdfl)
on the d — 1 dimensional sphere S?~! (d > 2), introducing the following square function:

feen = 1) Zﬁ Eesit,

o t’

Sa(026)= [ ’

Here f is an integrable function on S?~! and Je(e s 1s the averaging of f on the spherical cap
C(&,1) with center £ and radius 7 € (0,7), that is,

1
fee ::/ f(r)do(t), C(E,1):={neSi1:&.n>cost}, (1.1)
C(E) |C(§,l‘)| CEn) ( ) ( ) ( ) { }
where |C(&,1)| is measured by the uniform surface measure ¢ on S?~! induced from the Lebesgue
measure on R,
Theorem 1.2 ([3, Theorem 1.1]). For 0 < a < 2, the following are equivalent:
(D) feH* (ST, (@ fel?(S" ") and Sq(f) € L* (S77).

The purpose of this paper is to extend Theorem 1.2 by generalizing the concept of averaging.
For a fixed & € 89—, we introduce the Euclidean angle 6 € [0, 7] between 7 € S~ ! and £. Then
the uniform surface-area measure ¢ on S9! is expressed as

do =do(0,7) =sin? 20d0do’,
where 7 € 8?2 and ¢ is the uniform surface-area measure of S¢~2, cf [1, (1.17)].

Definition 1.3 (The generalized averaging). Let T € (0, 7| and
T
p € L”(0,7T) satisfies p > 0 a.e. and/ p(6)d6 > 0. (1.2)
0
Then, for an integrable function f on SY~' and t € (0,T), we define
T
1@ =" [ s (T0)dol0.0)
C(&1) !
as the generalized averaging of f around & with radius t, where z; is chosen in order to satisfy

z,l/ p<T0> do(0,7) =1,
cen \1!

that is,

We note that, thanks to the assumptions (1.2) on p, the generalized averaging A” is well-defined
for f € L? (Sd_l). We also note that the averaging fc(¢ ;) defined in (1.1) used in Barcel6 et al.[3]
is nothing but the case when T = and p(6)=1for0 < 0 < 7.

Definition 1.4 (The generalized square function). Under Definition 1.3 and for 0 < o0 < 2, we call
the following Sg’T( F)(&) the generalized square function for f:
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Theorem 1.5 (Main Theorem). For fixed T € (0,7x], p € L (0,T) satisfying (1.2), and 0 < o < 2,
the following are equivalent:

(W) feH* (S, @ fel*($4") and S (f) € L2 (S*1).

The motivation why we introduce the above generalization is two folds. One is to make more
general averaging possible in the characterization of Sobolev spaces by an elementary argument
via introducing p. Indeed, similar weight functions are introduced in [4, Cor 5.2] for RY cases, for
example. Another motivation is toward a similar characterization of the Sobolev spaces on com-
pact manifolds. By introducing T < 7, we are able to discuss this problem in a local coordinate
of S~!. One of the motivation of Barcel6 et al. is to extend the results of Alabern et al. [2] to the
case on manifolds and they consider their results as a first step toward the purpose [3, p.2]. We
think that our result is the next step to it.

We end the introduction with a remark that Alabern et al. [2] and Barcel6 et al. [3, p.2] con-
sidered a more general setting that includes higher-order derivatives: W*” (RY) and H* (S~ ')
for 1 < p <e and a > 2. In this paper, however, we concentrate on the case 0 < o < 2 in or-
der to simplify the explanation of the main ideas of our generalization. We will present a full
generalization elsewhere in the near future.

The contents of this paper is as follows: in Section 2 we will summarize the settings of our
paper, e.g., several facts on the spherical harmonics and the definition of Sobolev spaces using
spherical harmonics. In Section 3, we will prove the main theorem (Theorem 1.5).

2 Overview of notions and notation

In this paper, we will follow [3] for notation in general. All functions take values in the set of
complex numbers C. The symbol A ~ B denotes A < Band A < B, where A ~ B means that there
exists a constant C > 0 independent of the parameters attached to the quantities A and B such that
A < CB. If we want to clarify the dependence of the constant C on some parameters, we write
’f’d’pj" and ~4p 7, €etc. For[ =0,1,2,...,

HY .= span{Ylj 1<j<v()}

is the space of all spherical harmonics of degree / on S?~!, where {Yl] } is an orthonormal basis in
L?(S?1) and v(I) = dimcH?, which is known to satisfy v(I) = O(1?72) for I > 1 [1, p.16 and
p-19]. Here we recall the following lemma:

Lemma 2.1 ([3, Lemma 3.1], see also [1, Theorem 2.8]). Let & € Sl and L € Hf such that
L(Rn) = L(n) for all rotations R in R? such that R(E) = E. Then

L(n)=L(&)Pa(n-E),
where P, 4 is the Legendre polynomial of degree | in d dimensions.

The explicit formula for P, 4 is known [1, (2.19)]:

2.1)

d—1)\ 12 (1—s2)ksi=2k
Py(s)=1T" | —— —1)k .
1a(s) ( 2 ),;)( )4kk1(1—2k)!r(k+%)

It holds that
P4(1)=1 forl=0,1,---.



4 Characterization of Sobolev spaces on the sphere

For later use, we recall the following estimates: for every ¢ € [—1, 1], it holds that
P (0) < PE) (1) ~ (1 d —2)F ~ 1 22)

for k e NU{0}, see [3, (18), (44)] and [1, pp.58-59]. We also recall the so-called addition theorem
[1, Theorem 2.9]

vy :
Y Hm(E) = gorha(n )

As a consequence of this, the following reproducing formula holds for ¥; € Hf [1, p.23]:

Sd 1‘ a(&-m¥i(n)do(n). 2.3)
Since the spherical harmonic Ylj is an eigenfunction of the Laplace-Beltrami operator —A sat-
isfying ' .
—AY! =1(1+d-2)Y/, (2.4)
it holds that

HVfHLzsdl leﬂl 2)( Zlfzj

for f € C*(S97!) satistying f =¥, Z}’:l flelj. Here flj = Jqii ijldG and V is the gradient
operator on S?-1 see [1, (3.3), (3.6), Proposition 3.3] for definitions. It is known that

v(l)
X Il =1 Z St sy = OU7)
=1
if fe Ck(Sd*I)([l, (3.26)]). Using the relation (2.4), we define
)8 o YW j
(—A)% fi= Z{ll+d 2)} ( Z 7) inr? (s,

that is,

v(l) R
I(—A fHLzsd] Z{ll+d (Y 1A% (2.5)
j=1

for f € C*(S?!). Especially, H(—A)%fHLZ(Sd,l) = HVfHLz(S,,,I). Following [3], we define

H%(S%"1) as the completion of C(S?~!) with respect to the norm
) oo V(l) ' . 20 A o
1 sy = X X, (1+220+d=2)8) " |
1=0j=1

o )

see also [1, Definition 3.23].
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3 Proof of Main Theorem (Theorem 1.5)

3.1 Preliminaries

We start from establishing the representation formula of A? f and ||Sﬁ’T 2 (s-1) in terms of spher-
ical harmonics.

Lemma 3.1. For every p satisfying (1.2), T € (0,x), andt € (0,T), the numbers

d—2 T
p IS8Tt T oY and—2 (1
my, = T /0 Py <cos T 9) sin <T 9) p(6)d6.

form a bounded sequence {mf e C R satisfying the following representation for every f =
oo D2 i _
Yo Z,v'gfljyl] eL*(S™1):
v(l)

APf= im,tz it (s).

Proof. Itis obvious that mﬁ , 1s bounded by some constant independent of [ =0, 1,2,--- from (2.2).

Therefore it is enough to see that Af Y, = mﬁ Y forany Y, € Hf . Since we have (2.3) for & € Sd-1,
it holds that '

APY(8) = /Sdl L(m)Y,(n)do(n),

1 [ T
L(n):= ZI'M/C({:J)PI,d(T'H)P <t6) do(t) € Hy.

Then, for a rotation R in R? satisfying R(§) = &, it holds that

LR =+ ,Sd 1|/ Pk e mp (1) ao(o

1 T
T W /cueé,z)P[’d(T'n)p <l9) dote)=Ln).

Therefore, applying Lemma 2.1, we get

where

APYI(E) = L(&) /S a0 -)i(mdo(n) = mf %)

where

=it [ nate2p (Y0)do(o

_ ’Si_2| -;/TPM (cos%@) sin? 2 (ie) p(6)d6.
t 0

Lemma 3.2. For f =Y", Z;g fi lej el? (Sdﬁl), it holds that

v(l)
IS8 ()21 = 21”><2\ﬁ,-12>,
j=1
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where

pT 2
lo’ / ’ lt’ t2a+1’

Aﬁ;:JSZZV;ZAT{HA@)ad(amée)}mmfz(;e)pa»da

Proof of Lemma 3.2. From Lemma 3.1, it holds that

~

1%

—~

)

s

(_Mlpt)fle]](g)

1

v(l)
Apf(& Z m]; fl] (6):

an

~

1

~.
Il

since mgqt = 1. Then we have the conclusion from Fubini’s theorem and the orthogonality of {Y/ }
in L2 (Sd’l). O

Theorem 1.5 follows from (2.5) and the following fact:

T
B0 = [ WP A ~apr P i (=D

The proof of this fact is divided into the following Lemma 3.6 and Lemma 3.8, which give the
upper and lower bound, respectively. We start from the following elementary lemma:

Lemma 3.3. For every p € L*(0,T) satisfying (1.2), there exists [t,,T,] C [0,T|N (0, ) such that
Ty

p(6)d6 > 0.

I

T—1/N

Proof. Suppose that the conclusion does not hold. Then f p(0)d6 =0 for every sufficiently

large N € N, which leads to fo 0)d6 =0 because p € L= (0,T). This contradicts the assumption
[ p(6)d6 > 0. O

Next, we prepare the following lemma concerning the general behavior of z; as t — 0.
Lemma 3.4. For every p € L*(0,T) satisfying (1.2), it holds that
a~apr ! 3.1)
uniformly for every t € [0,T].

Proof. The upper estimate follows from the fact that sin@ < 0 for 0 > 0. The lower estimate
sinTp

7 6 for 6 € [0,7], it follows that

o (sinT, \ 972 send-l (T _
> |s¢ 2\<Tp"> (7) / 6 2p(6)d6 > Cy(p)r~!
P

for every ¢ € [0, T]. O

follows from Lemma 3.3. Indeed, since sin 6 >
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3.2 Upper bound

First we prepare a rough estimate for M “

Lemma 3.5. Foreveryl € Nandt € (0,T], it holds
0<Mp, <2. (3.2)
Proof. From (2.2), we get
0<P4(1)—Pgq (COS%G) <2.
Then the conclusion follows. O
Lemma 3.6. Suppose that p € L* (0, T) satisfies (1.2). Then for | € N, it holds that
57 S pr 2%

Proof. In order to get the conclusion, the estimate (3.2) is not enough around ¢ = 0. So we study
the fine behavior of M| lp ,around 7 = 0.
Using the mean value theorem and (2.2) for k = 1, we have

MP, Sy 1 |Si_2| . ;/T {1-cos (%e) } sind-2 (%9) p(6)d6.
, [ ;

Here we note that

{1—cos (L) bsint 2 (L6) - H<(>9) < (Le)"

Then, by using (3.1), we get

0<Mf, Rgpr I’ for0<t<T.

Take a € (0,T) and set #; := § for I € N. Then al < T holds for every [ € N. Therefore we get

T
p.T _ P 2
[a (l>/ ’Ml,z t2a+1 / ‘ lt’ t2a+1 / ’ t2a+1

44 2 — 2
Sapr 24172 g P2

3.3 Lower bound
We start from preparing another estimates of P, 4(s).

Lemma 3.7. Set

=
—~
~
I
—
~—

kiqg:=
a {M&zn(fl) (1>2).

Then, for every € € (0,1), it holds that

Pl”d(s) > (1 —S)Pléd(l) >0 forl—¢kqg<s<l.
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Proof. The conclusion is obvious for [ = 1 since P; 4(s) = s. Suppose [ > 2. The mean value
theorem and (2.2) for k = 2 give us
2
Pla(s) 2 P(1) = B3 (1)(1 =s).

From (2.1), we have

P (1 d+1
1(7241)( ) _ + Zkz,d§1
P2 (1) (I+d—-1)1—-1)
for [ > 2. Therefore, for
P (1
SZ]—E l(;)( ) = 8k17d,
Py (1)

it holds that
2
Ply(s) > Ply(1) = P2 (1)(1—5) > (1—€)F/4(1) > 0.

O
Lemma 3.8. Suppose that p € L* (0, T) satisfies (1.2). Then
() Rapr P
Proof. We use Lemma 3.7 with £ = J and take a(l)> 0 that satisfies
kia
H=1--4
cosa(l) = >
Since k; 4 < 1, we may assume that a(/) < /3. Moreover we may assume
a(l) ~ kg ~ {11 +d —2)} 7 ~g 17
Therefore we get
Sd-2| ¢ min(T,a(1)T /t) ¢ t
ME 2y ] - | T/o {1—cos(fe)}sm"—2 (?e)p(e)de
from the mean value theorem, Lemma 3.7 with € = % and (2.2). Moreover, for ¢ satisfying
T
min(T,a()T/t) > T, < < ?a(l)7 (3.3)

p
where Tp > 0 is in Lemma 3.3, it holds that

/Omin(T"u(l)T/t) {1 —cos (%9) } sin? 2 (%9> p(6)do

1 Tp d t > d Tp d > d
22/ sin (T9>p(9)d9 ~dp Tt / 09p(0)d0 ~ap 1 1°.
ip Ip
Using (3.1), we get
M, Zggp 11

for ¢ in the range (3.3). Therefore it follows that

7=a(l)
IpT 2 dt Tp P 2
o lt t2°‘+1 = Jo Lt

4-2

l4 a(l) 3 20 dt _ l4 1 l * > 1206

RapT =074 gall) ~dap,r I
0 p

dt
t2a+1
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