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Abstract We study a variational problem on H'!(R) under an L”-constraint related to
Sobolev-type inequalities for a class of generalized potentials, including L”-potentials, non-
positive potentials, and signed Radon measures. We establish various essential tools for this
variational problem, including the decomposition principle, the comparison principle, and
the perturbation theorem, which are the basis of the two-step minimization method. As for
their applications, we present precise results for minimizers of minimization problems, such
as the study of potentials of Dirac’s delta measure type and the analysis of trapped modes in
potential wells.
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1 Introduction

In our previous paper [1], we considered the following variational problem for a positive bounded
potential V € L*(R) with essinf,cg V (x) > O:

— : ! 2 2
m(vye= min [ (@R V()P (1)

where ||u||co := |||~ (r). The above variational problem (1.1) is closely related to the problem of
finding the best constant for the following Sobolev-type inequality for the L™-norm:

]| < Clluellv, (1.2)

where

[l := /R(IM’(X)IZ+V(X)IM(X)|2)dX-

The best constant of the Sobolev-type inequality (1.2) is given by m(V)_l/ 2. The Sobolev-type
inequality has been studied in various settings [3, 4, 5, 6]. We proposed a two-step minimization
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58 L™-constrained variational problem with generalized potential

approach to the variational problem (1.1) in [1]. This approach enabled us to evaluate the best
constant for inhomogeneous positive bounded potentials precisely.

The aim of this paper is to consider the variational problem (1.1) with a more general class
of potentials V, including unbounded potentials, non-positive potentials, and the Dirac delta mea-
sures, and to extend the two-step minimization approach to them. We provide various essential
tools for this variational problem, such as the decomposition principle that provides the basis for
the two-step minimization method, the comparison principle, the perturbation theorem, the ex-
istence and some properties of the minimizer, the continuity of the minimum value in the first
minimization step, etc.

As applications of those tools, we consider two specific potential cases. For a potential that
contains the Dirac delta measure, applying our comparison principle, we give an alternative proof
for the best constant of the Sobolev-type inequality

1
2
)

el = € (| (WP + @) ax-+ Bluco)

by [5] in Theorem 4.5. The other application is devoted to the case for a potential well. By using
the precise property of the minimizer, we will provide sufficient conditions for the trapped mode
in terms of the depth and width of the potential well.

The structure of this paper is as follows. Section 2 introduces a class of generalized potentials
and demonstrates the decomposition principle underlying the two-step minimization approach. In
Section 3, we survey the results of [1] for positive bounded potentials, which are necessary for the
discussion of this paper. Section 4 describes a comparison principle and a perturbation theorem of
m(V) for generalized potentials. As their application, we give an alternative proof for the potential
given by a constant plus Dirac delta measure. In Section 5, we study the existence of the minimizer
in the first minimization step and also the continuity of the minimum value. We finally provide a
sufficient condition for the trapped mode in the potential well.

2 Generalized potential and decomposition principle

In this paper, we deal with Sobolev-type inequalities related to the Schrodinger-type operator
—5722 +V with a potential term V. We begin this section by introducing a general class of the
potential V. We define

X :={V:H'(R) x H'(R) — R; V is a bounded symmetric bilinear map}.

Then, it is known that X is a Banach space over R with the norm:

Viu,v
IVIx := sup [V (u.v)] .
uver (R),uv=0 [l @) Vg ®)

Without loss of generality, we suppose that u € H'(R) (or more generally, u € W,”(R) for
p € [1,%0]) always satisfies u € C°(R), since an element of the function space WIIOCP(R) has a
continuous representation (Theorem 8.8 of [2]). We also remark that u € H' (R) satisfies u € L*(RR)
and lim‘ x|—so0 u(x) =0 (Theorem 8.8 and Corollary 8.9 of [2]).

We remark that L”(R) (1 < p < o) is continuously embedded in X by identifying V € L?(RR)
with the following V € X:

¥ (u,v) ::/RV(x)u(x)v(x)dx (u,v € H'(R)),
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where Vuv € L' (R) is clear from uv € L' (R)NL>(R) C L4(R) for any g € [1,0].

We denote the set of signed Radon measure V on R with finite total variation |V |7y := |V|(R) <
oo by . (R). For example, the Dirac measure 6, belongs to ., (R). It is defined by 0,(A) = 1 if
a€A, and 6,(A) =0ifa ¢ A fora € R and A € Z(R), where Z(R) is the set of Borel sets on R.
We also remark that L' (R) C . (R) and |V|7y = ||V || (r) holds for V € L'(R).

Then, V € . (R) is also considered as V € X by identifying V with the following V € X:

() ::/uvdV (u,v € H'(R)).
R
It is well-defined since uv € C°(R) NL™(R) and ||V||x < 2|V |y holds since
[V (u,9)| < Nlulleol V||V I7v < 2lJ0ell g1y [V 1 ) [V v

where the last inequality follows from ||u|e < v/2||u|| H'(r) (see p.213 of [2]). We note that the
best constant of this inequality is ||u||c < \%2 el g1 () (see [1D).
For V € X, we define

1:V) = [ [y +V () (we H'(R)),

and define a Rayleigh-type quotient:

~

R(u;V) = (Z;HZ) (u e H'(R)\ {0}).

|
We also define m(V) € [—eo,e0) and M(V) by

V)= inf  R(u;V), 2.1
m(V) ueH‘l(R),uio (V) 21

M(V):={ue H'(R)\{0}; m(V)=R(u;V)}.
Then, if and only if m(V) > 0, the following Sobolev-type inequality holds:
IC>0 st |ulle <CIw;V):  ("ue H'(R)). (2.2)

In this case, C = m(V)_l/ 2 gives the best constant of Sobolev-type inequality (2.2).
In this paper, we often consider the class of the generalized potentials L*(R) + .4, (R) C X,
where
L>(R)+.4(R)={V=V+V,€X; Vo e L (R), V| € 4 (R)}.

We remark that L?(R) C L*(R) + ., (R) holds for any p € [1,00]. Indeed, it is trivial if p = oo,
and if p € [1,00), let V € LP(R) and set A := {x € R; |V (x)| > 1}, Vo(x) := (1 — xa(x))V (x), and
Vi(x) := xa(x)V(x), where x4 is the indicator function of A. Then, ||Vj|l. < 1 and

Willo = [ VEldr< [ V@< [VIg,g, <o
Therefore, we obtain
V=Vo+V; € L*(R)+L'(R) C L”(R) +.#; (R),

since Vo € L*(R) and V; € L'(R) C .1 (R).

In [1], the authors proved the following decomposition principle of the minimization problem
(2.1) for general non-constant bounded positive potentials V € L”(R), and established the two-
step minimization approach to study the precise properties of the minimizer for the Sobolev-type
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inequality. We aim to extend the two-step minimization approach to the case of the generalized
potential V € X in this paper.
Fora € R, we set
K. :={ue H'(R); u(a) = ||ul.. = 1},
and define
F(a;V):= ulenlgal(u;V).
We remark that K, is a closed convex set in H'(R), which implies that K, is weakly closed in
H!(R).
Theorem 2.1 (decomposition principle). LetV € X and set m(V) as (2.1). Then, we have

m(V) = inf F(a;V). (2.3)

acR
Proof. We first remark that F(a;V) and m(V) can have their values in [—eo, ). For a € R, there
exists {uq | C K, such that lim, e I(1tqn;V) = F(a;V). Since

m(V) < R(“a,n;v) = I(ua.,n; V)a

it follows that m(V) < F(a;V). Let us define m(V) := inf,cr F(a;V). Then, taking the infimum
concerning a in m(V) < F(a;V), we obtain m(V) < m(V).

Let {u,};7_, be a minimizing sequence attaining the infimum of (2.1). Choosing a, € R as
lun(an)| = ||unl| > 0, we define v, := u,(a,)'u, € K,,. Then we have

m(V) = lim R(u,; V) = lim I(v,; V),

n—yoo n—yoo

and (V) < m(V) follows from (V) < F(a,;V) < 1(vy;V) as n — e. Hence, we obtain /i (V) =
m(V). O

3 Bounded positive potentials

We briefly summarize the results obtained in [1] for the case of bounded positive potentials. In
this section, we suppose

VeL”(R), 0<vy:=essinfV(x), vj:=esssupV(x). (3.1)

xeR xeR

Then, for u, v € H'(R), we define

(u,v)y := /]R (' )V (x) + V(u(x)v(x)) dx,  |ully := (u,u)}.

We remark that (u,v)y defines an inner product on H'(R). The corresponding norm |[ul|y is
equivalent to the norm of H'(R) and it satisfies 7(u; V) = ||ul|?.
We consider the first minimization step:

F(a;V) = inf |uel[3. (3.2)
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Theorem 3.1 ([1]). We suppose the condition (3.1) and fix a € R. Then, there exists a unique
minimizer u, € K, to (3.2), that is,

Ug = arg min ||u)?, (3.3)
uck,

. : 2 2
Fa;V) = min [[ulfy = [Jually,
a

and it satisfies the following properties:

ug €EWH*(R\{a}) and ull(x) =V (x)uy(x) (a.e. x € R\{a}). (3.4)
e VVikal <utg(x) < e~ Vol (x €R), (3-5)
e I < senla i () < eV e R\(a)), 3.6

Theorem 3.2 ([1]). We assume (3.1) and suppose that V is a non-decreasing function. Then,
it holds that m(V) = lim,_, o F(a;V) = 2,/vo. Furthermore, if vo < vi, then F is a strictly in-
creasing function and M(V) = 0. If V is constant, then it holds that m(V) = 2/V and M(V) =
{cuqa; c € R\{0}, a € R}, where u,(x) = e VVIal,

4 Comparison principle and perturbation theorem

From this section onwards, we consider the generalized potentials. We consider the following
comparison principle of m(V).

Theorem 4.1 (comparison principle of m(V')). We suppose that Vi,V, € X and that m(V;) # —oo
or m(V,) # —oo. Then we have

(Vl — VZ)(”?“) < m(vl) —m(Vz) < sup (Vl — VZ)(”?”)

(4.1)
ueH' ®)uz0  [|ullZ, weri(®uzo  [ull

Proof. For Vi, let {u, } ey C H' (R) be a minimizing sequence to the infimum m(V;) and suppose
||tn ||l = 1. Then, it satisfies limy,_eo I (un; V1) = m(V}) and

. (Vi —=Va)(u,u)
Hu; V) —m(Va) 2 Hug; Vi) — Hug; Vo) = (Vi — Vo) (U, uy) > inf T
(3 V1) = m(Va) = 1(un; Vi) = 1(un; V2) = (Vi = V) (1, up) e P E}

Taking the limit as n — oo, we obtain the first inequality of (4.1). By exchanging V| and V;, we
derive the second inequality as

sup

m(Vi) —m(Va) < — ( inf 5
v ®yuzo  ulls

(Vz—"l)(““)) _ V1= Vo) (u,u)
ueH (R)ur0  |lul2
O

Corollary 4.2. Under the condition of Theorem 4.1, if (Vi — Va)(u,u) > 0 for u € H'(R), then
m(Va) < m(Vy) holds.

Also, from Theorem 4.1, we immediately have the following theorem.
Theorem 4.3. We suppose that V € X and m(V) # —eo. If u € 4, (R), then
—[u-lrv <m(V+p) —m(V) < [pui|rv, (4.2)

where L and l_ are the positve and negative parts of the Radon measure l. In particular, we
have

m(V +p) —=m(V)| < max (|p—|rv,|us[rv) < [plrv.
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Proof. We apply Theorem 4.1 with V| =V 4y and V, = V. Then, we have

u,u
] 5= <m(Vi)—m(V2) < sup plu,u)
ueH' (R).u0 Hull wert (®yuzo UllZ

Since p(u,u) = U (u,u) — p—(u,u), paying attention to the following inequalities

—|ufrv lul2 < —pe () < plu,u) < oy (uu) < v |lull2,
we obtain (4.2). The last inequality also follows from | |7y = |ty |7y + |U—|7v. O

Theorem 4.4. Let V € L”(R) with essinfyer V (x) > 0. We suppose

m(V)=lmF(a;V), or m(V)= lim F(a;V). 4.3)

a—yoo a—y—oo

Let p € [1,0). If u € LP(R) +.#1(R) C X is nonnegative, i.e., i(u,u) > 0 for u € H'(R), then
m(V+u)=m(V)and M(V+u) C M(V) hold.

Proof. Choosing Vi =V + u and V, =V in Theorem 4.1, we have

H(u,u)
Vv —m(V) > f
m(V+p)—m(V) > ueﬂll(n Lo ]2

> 0. 4.4

We define u,(x) as in Theorem 3.1. Then, we have
m(V+p) < gV + ) = Hua; V) + Pua, ta) = F(a;V) + p(ta, ta)-
From the assumption (4.3), taking the limit as @ — o or a — —oo, we obtain

m(V+u) <m(V) ﬂ,ljmw“(”av”a) =m(V), 4.5)
where the last equality holds as follows.

Let 4 = uo + g with gy € LP(R) and y; € ., (R). Since L' (R) C .#,(R), we assume p €
(1,00) without loss of generality and define g € (1,%) as p~! +¢~! = 1. From the estimate (3.5),
we have |ug,(x)| < e~ V"4l For R > 0, we define I := [-R,R] and Jg := R\ I, and suppose
a € Jg. Then, |uy(x)| < e~ V"(el=R) holds for x € Iz. Hence, we have

bt 1) = | o0 dx-+ | o)) i
R
< e 2Vllal=h) H.UOHL' (1) + 180l oy 15 [ ()

Noting that

Iigey < ( [ o200 “dx> = (g7

for an arbitrary € > 0, there exists R > 0 such that || to|| () ||42]| 2o(z) < €. Then, there exists R >
R such that e~ 2v"0(¢[=K) ||[.10HL1 (1) < € holds for |a| > R. It implies that 1imy g o0 o (U, ta) = 0.
Similarly, we have

i (g, uq) :/1 \Ma\zduﬁr/] lual? dpy < e 2VPUR| 1y (IR) + |1 | (JR).-
R R
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For an arbitrary € > 0, there exists R > 0 such that |u|(Jg) < €. Then, there exists R > R such
that e~ 2v¥0(l4l=R)| 4, |(Iz) < & holds for |a| > R. It implies that 1im g o0 i1 (g, tg) = 0.

Hence, we conclude m(V + u) = m(V) from (4.4) and (4.5). Moreover, for u € M(V + ),
since we have

1u:V) < 1Y) + () = 1V + 1) = m(V + ) = m(V) < [(w:V),

I(u;V) = m(V) follows and it implies the inclusion M(V +u) Cc M(V). O
Using Theorem 4.4, we can give an alternative proof for the following result. We define & €
A1 (R) C X by 6(u,v) :=u(0)v(0).

Theorem 4.5 (Kametaka et al. [5]). Ler & > 0 and B € R. Then m(ot + B &) = 2/ — B holds,
where B_ = max(—f3,0). In particular, if 2o/ + B > 0, then the Sobolev-type inequality

lul|le <C (/}R (|u’(x)|2+ a|u(x)|2) dx+[3|u(0)|2> 2

holds and its best constant is given by C = (2y/a — ﬁ,)*%.

Proof. For the case of § >0, m(at+ B &) =m(at) =2/ =2/ — B_ holds from Theorems 3.2
and 4.4, since V = « satisfies the condition (4.3).
If B < 0, from Theorem 4.1 with V; = ot + By and V, = a, we have

m(o+B&) —m(a)>  inf Blu(O)? :ﬁ( sup ’”(0”2) —B. (46
ucH!

T uer (®R)uro  ull2 Byuzo [l
On the other hand, setting uo(x) = e~V we also have
m(a+ Bdy) < I(ug; o+ By) = I(ug; &) + Bluo(0)|* = m(ax) + B. 4.7)

Hence, from (4.6) and (4.7), we obtain m(o + 8) = m(at) + =2/ a — B_. O

5 Properties of the minimizers

In the following discussion, we will often make the following assumption on the generalized
potential V € X:

V=V+V), Vo e L”(R), essinfVy >0, V| € . (R). G.D
We note that the next identity holds under the assumption (5.1),
H(w;V) = I(w; Vo) +Vi(w,u)  (u€ H'(R)). (5.2)
Lemma 5.1. We suppose that V € X satisfies (5.1).
1. There exist C1, Cy > 0 such that the following inequality holds for u € H'(R):

el 71y < CLI(5V) +Cofu .- (5.3)

2. I(-;V) is weakly lower semi-continuous in H' (R).
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Proof. We set o := essinf Vy > 0. For u € H'(R), using (5.2), we have

min(1,0) ey < | (1) + eu(x) ) i
< I(u; Vo)
=1(w;V) —Vi(u,u)
< 1V)+ Vv .

Hence, we have the first assertion (5.3) by setting

YT min(la) ° min(la)

Let us suppose that {u, },en C H'(R) and u € H'(R) satisfy u, — u weakly in H!(R) as
n — oo, Since essinf V > 0, the inner product (-, )y, gives an equivalent topology on H'!(RR) and
I(u;Vo) = (u,u)y, holds. Therefore, it follows that (-;Vy) is weakly lower semi-continuous in
H'(R), i.e., it holds that

I(u; Vo) < liminfl(u,;Vp). (5.4)
n—soo
Paying attention to the identity (5.2), it is sufficient to show that
lim V) (uy,u,) = Vi (u,u), (5.5)
n—oo

to prove the second assertion of the lemma.
For any € > 0, from |V} |7y < oo, there exists R > 0 such that

/ dlVi| <e. (5.6)
{Ix[>R}

Since {uy }nen is bounded in H!(R), from the Rellich-Kondrachov theorem for the compact em-
bedding H!(—R,R) C C°(|—R,R]), there exists a subsequence which uniformly convergent on
[—R,R]. However, the limit function of the uniform convergence coincides with u. As a result, the
whole sequence {u, },cry converges uniformly to u on [—R, R]. Hence, there exists N € N such that

Hun—MHLm(,RJg) <E& (nZN) (57)

We set B := sup,,cy ||tn ]| < 0. It implies ||u||.c < B. Thus, from (5.6) and (5.7), we obtain

Vi) Vi) = | [ (1 1) v

<[ wctul = uldVil (P fP) v
{lxl<R} {lx[=R}
< 2BVilavun — uli= pig+ 28 [ dlvi

{Ix[=R}
<2B(|Vi|rv +B)e.

From this estimate, we obtain (5.5) and

H(u; V) = Hu; Vo) + Vi (u,u) < h,{gioﬂlfl(”ﬂ;vo) +J§§°V1 (U, tty) = h,{giilfl(”";v)'
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Theorem 5.2. We suppose (5.1). Then, for each a € R, there exists u, € K, such that

I(ug; V) =minl(u;V), (5.8)

ucek,
ie, F(a;V) is attained as F (a;V) = I(ug; V).

Proof. For any fixed a € R, let {uy, nen C K, be a minimizing sequence for I(-;V) in K, i.e.,
limy e I (ttg 03 V) = F(a;V). From (5.3), {tg}nen is bounded in H'(R). Replacing {tgn}nen
by a subsequence if necessary, there exists u, € H'(R) such that u,, weakly converges to u, in
H! (R) as n — oo. Since u,, € K, and K, is weakly closed, u, € K, holds. Hence, we obtain (5.8)
as I(uq; V) <1limy e I(ttq 03 V) = F(a;V) from the second claim of Lemma 5.1. O

Theorem 5.3. We suppose that (5.1) holds with Vi € L'(R), and that u, € K, satisfies (5.8).
Then, u,(x) > 0 holds for x € R, and, setting J := {x € R; u,(x) < 1}, u, € W>(J) and u!!(x) =
V (x)ug(x) hold for a.e. x € J.

Proof. For u, € K, which satisfies (5.8), we define J := {x € R; |u,(x)| < 1}, which is an open
set in R since u, is continuous. Then, for any ¢ € Ci(J), there exists T > 0 such that u, +1¢ € K,
fort € (—7, 7). Since I(u, +1¢;V) has a local minimum at ¢ = 0, we obtain

0= G419V g =2 [ (009 (1) +V (a9

which implies that u, € W2!(J) and /! (x) = V (x)u,(x) holds for a.e. x € J.
We set iy (x) := |uq(x)|. Then, since i, € K, and I(i1,;V) = 1(us; V) = F(a;V), we have that
i, € WH(J) and

i) (x) =V(x)ia(x) (ae.xel). (5.9
Let Jy be an open component of J. Then,
fa(x) =1 (x€Jo\Jo#0), (5.10)

from the definition of J.
We assume that u,(xp) = 0 holds at some xo € Jy. Then i, (xo) = i, (xo) = 0 holds, since
ii, € C'(J) and i, (x) > 0. From (5.9), for x € Jo N [x0,0), we have

%m=£%@wg£%@w,

ol = | [ as)ds) < [ V)l ds,
Setting v(x) := i, (x) + |it, (x)|, we have
v(x) < /:(1 +|V(s)])v(s)ds (x € JoNxp,0)). (5.11)

Applying the Gronwall inequality to (5.11), we obtain that v(x) < 0 for x € JyN[xp,0). Since we
can similarly obtain v(x) < 0 for x € Jy N (—eo,xp] too, v(x) = 0 holds for x € Jy. However, this
contradicts (5.10). Hence, we conclude that u,(x) # 0 for x € R. It implies that u,(x) = i,(x) >0
forx e RandJ = {x € R; u,(x) < 1}. O
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Lemma 5.4. We suppose V € L*(R) + .4 (R) and u € H'(R). Then, it holds that

,lling)l(u(-—h);V) =1(u;V). (5.12)

Proof. First, for x, h € R and u € H'(R), we remark that

1
X X 2 1 1
[ oa] < (| woRas) )t < ulhy it

We use the idea in the proof of Proposition 4.2.6 of [7]. For h € R, we set

ju(x) —u(x—h)| =

Ji(x) == |u(x)| + [u(x = h)[ = |u(x) —u(x—h)| =0 (x€R).
Since u is continuous, lim,_o f5(x) = 2|u(x)| holds for x € R. Applying Fatou’s lemma, we obtain
2 / lu(x)| dx < Timinf / Fulx)dx
R h—0 JR
:liminf/ (e + [ae(x — )| — Jua(x) — u(x — h)]) dix
h—0 JR
:2/ |u(x)|dx+liminf/ (= lux) — u(x— h)[) dx
R h—0 JR
:2/ |u(x)|dx—limsup/ lu(x) — u(x — h)| dx.
R h—0 JR

This implies limsup,, . [p |#(x) —u(x —h)|dx < 0 and also

lim/ lu(x) — u(x — k)| dx = 0.
h—0JR

We write V =V + Vi, where Vy € L*(R) and V| € .#(R). Then we have
I, V) =1(u(- —h);V) =V(u u) V(u(-—h),u(-—h))
- / Vo(o) ()P = e =) P) dx+ [ (= (- = 1)) avi.
Hence, we obtain (5.12) from
1) = = 1)) | < 2Vollellelo [ J) == ] =2l [ fu— -~ )|}V

h|2.

=< 2HV0HooHMHoo/RIM(X)—M(X—h)ldX+2lluHoo\V1ITVHMHm(R)

Theorem 5.5. If V € X satisfies (5.1), then F(-;V) € C°(R) holds.

Proof. For a € R and any convergent sequence a, — a as n — oo, from Theorem 5.2, there exist
ug € K, and u,, € K, such that F(a;V) =I(ug;V) and F(a,;V) = 1(ug,; V). We set iy, := uq(-+
a—ay) € K,,. Then, F(a,;V) <1(i,,;V) holds. Applying Lemma 5.4, we have

limsupF (an; V) < lim I(id,,;V) =1(us;V) = F(a; V). (5.13)

n—oo n—eo

In particular, we obtain

supl(ug,;V) = supF(a,;V) < oo.
neN neN
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Then, from Lemma 5.1, it follows that {u, },cn is bounded in H'(R). Therefore, replacing
{ay},en by a subsequence if necessary, there exists v, € H'(R) such that u,, weakly converges to
vg in H'(R) as n — oo, It implies v, € K, and

I(vg; V) <liminfl(u,,;V).

n—soo

Thus, it holds that

F(a;V) <I(vg;V) <liminfl(u,,;V) =liminf F (a,;V) < limsupF (a,;V) < F(a;V).
n—oo n—oo Nn—soco0
Hence, we obtain lim,, ... F (a,;V) = F(a;V) and conclude that F € C°(R). O
The following theorem gives a sufficient condition for the trapped mode by a potential well in
terms of the width and depth of the potential well.

Theorem 5.6. Let ot, 3 > 0 and b < c. We suppose that V € L*(R) C X satisfies V (x) > o for a.e.
x € (—o0,b) U(c,00) and V (x) = — B for x € (b,c). If /B(c —b) > =, then there exists a € [b,c]
such that F(a;V) =m(V).

Remark 5.7. In Theorem 5.6, ¢ — b represents the width of the potential well, and f3 is the depth
of the potential well. The condition \/B (¢ —Db) > m gives a sufficient condition for the trapped
mode in terms of the width and depth of the potential well.

Proof of Theorem 5.6. For a € R, from Theorems 5.2 and 5.3, there exists u, € K, such that
I(ug;V)=F(a;V) and us(x) > 0 forx € R. Leta € R\ [b,¢]. If u,(x) < 1 for x € [b,c], then, from
Theorem 5.3, it has to satisfy u), (x) + Bu,(x) = 0 and

ua(x) = Csin(\/Bx+0) (xe (b,c)), (5.14)

where C € R and 8 € R are some constants. But it is impossible for a function of the form (5.14)
to satisfy the condition 0 < u,(x) < 1 for x € [b,c] if ¢ —b > 1t/+/B. Hence, there exists @ € [b, ]
such that u, € Kz holds. Since F(a;V) < I(us;V) = F(a;V), we conclude that

Yae R\ [b,c], e [b,c] st F(aV)<F(aV). (5.15)
Since F(-;V) € C°(R) holds from Theorem 5.5, we obtain

inf F(a;V)= inf F(a;V)= min F(a;V).

aeR a€lb,c] acb,c]
Therefore, from Theorem 2.1, there exists a € [b,c] such that F(a;V) =m(V). O
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