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§ 1. Introduction. Let K be an algebraic number field of degree # and o be the
integral domain consisting of all integers in K (the unit ideal of K). Small german
characters denote integral ideals in K ; p represents a prime ideal in K, and x denotes
a real number x=1. We now introduce some ideal-theoretic functions :

(1.1) 0x(x) = 27 log Ny,
Np<x
(1.2) Yr(x) = > Ag(a),
Na<x
where
(1.3) Ag(a) = log Np, if a=pE(E =1.2.---), =0, otherwise.

From now on, E denotes a non-negative integer.
Using Selberg’s elementary method[8] of the prime number theorem Shapiro
obtained the prime ideal theorem[9], i.e.
(1.4) Or(x) — 2 =0 (x).
It is easy to deduce that (1.4) is equivalent to
(1.5) V(%) — %= Rg(x) = 0 (x).
Kuhn succeeded elementarily in dealing with the remainder term in the rational
number field with a certain constant ¢ (¢=1/10)[4]
(1.6) Ry(x) = O (L)
: K - logtx /)°
In this note we propose to extend Kuhn’s method so as to yield a proof of the
prime ideal theorem (1.6) in K with the remainder term. We shall first give an
inversion formula (Lemma 2.3) and derive from this formula the following :

v Ag(a)
1.7 e’ AR | + 03
1.7) N@ng Na og % €))
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and

(1.8) Ry(x) logx + > RK(NLCJ Ag(a) = O (x).

Na<x
by means of the method of Iseki-Tatuzawa[3] and Shapiro[9]. It is easily seen that
(1.8) is equivalent to the following result of Selberg in K:

(1.9) vr(x) logx + >0 Ax(a) wK(—N%) = 2% log x + O (x).

Na<x
Ayoub’s proof of (1.9)[1] is based on the Iseki-Tatuzawa’s ideas and the Tcheby-
scheff-Poincaré’s formula[6].

We assume the following important result of Weber[10],[7]:

(1.10) Br(x) = > =oax -+ x(x),
Na=x

where 2x(%)=0(x?) with o=1—1/% and
_ 2t R
wy|d]

Here 71 and zs are the numbers of real and pairs of complex conjugate fields, w
is the order of the group of roots of unity in K, d is the discriminant of K, R is
regulator and % is the class number. If we like to avoid (1.10) we must follow on
the theory of abstract prime number theory of Shapiro and Forman[2],[5]. We shall
assume more weaker result (Lemma 8.2) than Shapiro’s prime ideal theorem (1.4)
and from this result and (1.8) derive the Kuhn’s fundamental formula in an algebraic
number field K. Using this fundamental formula and (1.7) in much the same way as
Khun uses it in the rational number field we shall prove the result (1.6) with a
certain constaut c.

If F and g are functions of certain variables and g is positve. then the notation
F=0(g) or f € g means that there exists a positive constant ¢ such that |f] <c¢g in
the domain designated and ¢ is a positive constant depending only on K.

§ 2. Some Inversion Fofmulas and Their Applications. We first introduce Mobius
function #x(a) defined as wug(a)=1 if a=p, =(—1)¥ if a is squarefree and is the
product of v distict prime ideals, =0 otherwise. @ Then it follows easily that
>3 g =[1/Na]. The familiar Mé&bius inversion formula is given by

e Lemma 2.1. If f(x) is a given complex valued function defined for all x>0
and g(x) is defined by

then

Jx) = >0 #g(o) g(%%).

Na<x
As a Corollary of this Lemma we have:
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Lemma 2.2. If Fy is a complex valued function defined for all ideals a in K
and

Gg(a) = Z Fr()
tla

then

a
Fy(a) = % Lg(h) GK(T)

A complex valued function . (a) (or @ (x)) is called a completely multiplicative
idealtheoretic (additive number-theoretic) function if for any pair of ideals a1, as
(reals x1, %2)

my (a1e02) = my (a1) myg (a2) (@ (X1%2) = @ (%1) + a (£2)).

It follows immediately that @ (1) = 0 and if mx(a) is not identically zero (only such
multiplicative functions will be considered below), mex(0)=1.
Next, we define
2.1) AP @ = 3 ux®) a(§F),
tla

then, using Lemma 2.2 we have

(2.2) a®(Na) = > 4% ).
tla

For E=0, we obtain

(2.3) A () = [Z ng(t) = [1/Na]
tla
(2.4) ST AW = SI1/N = 1.
tla tla

For E=1, we have

2.5 AP (=3 ux®a Na
(2.5) ¢ 3 ox (%)
(2.6) S AP M) = a(Na).

tla

We obtain the following inversion formula :

Lemma 2.3. Lef myg(a) (@(x)) be a complex valued comletely multiplicative
idealtheoretic (number-theoretic) function. If F(x) is a complex valued function
defined for x>0 and G (x) is defined by

2.7) GE (%) = S mp®) F[-Z) af o,
Nit<x B (Nt)

then

H® () = 31 ax®) me) 6O(F) = F ) an()

Nt<x

and
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_ % EEA N )

_ Ntz—éx mK(t)F(Nt) (a(m) 4®)®
Here (- YEY means the symbolic power and (@ (-++))E) =aF (---), (A(+))EBE
=AE) (-,

proof. Using Lemma 2.1 we have

H® (5) = 51 up®me(t) GO () = F () a()

from (2.7) =
=2, aW mKa)NENt i @) F (/M) a2 (557
- 2, Fl$5) > s (4
- B meo i) 3 o (o) (300

Combining the above with the definition (2.1) of A(E)(a) we get

HE (%) = Néx my(a) F(Na) (a(—;}—a) + 4 (0))(E)’
A=

and the Lemma follows.

Making use of this inversion formula with mg(a) =1 and (%) = log x, we shall
now derive (1.7) and (1.8). Here we use the following well-known results without
proofs :

logZ Na 1

= S g E+1 » w—1 )
Na,<i,x Na E_Halog %+ 7rg+ 0 (x log? %),

(2.8) ST logENa=«a % logf x — o Ex 4+ O (%2 logE x)
] Na<zx

; .
> lojgva{:’a =o n log x. %1~ + O (logZ+1 x)

Na<x -
where w=1—1/% and ry is a constant depending only on XK.

Case 1. For F(x)=1, E=0,we have

GO (%) = Bp(x) = ax + O (x2), H®O(x) =1
and
(2.9) > 8o,
Na<x “Na~
Case 2. For F(x)=x, E=0, using Of (2.8) we have
GO(x) = > —Aj;—: ax log x +rox+ 0 (x?), HO) =z
Na<x a
and
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(2.10) > f‘jff\,%‘l log (—N—) o (D).
Case 3. For F(x) =1, E=1, using of (1.10), we have

G (x)= 3 log x=cax log x + O (x? log x), HM(x)=1log 5 + ¥r(x)
Na<x
and
2.1 Yr(x) = 0 (%).

Case 4. For F(x) =x, E=1, using of (2.8) and (2.11), we have

GOV (x)= 3] (Na)logx—dxlogx-i 7o x log x -+ O (x? log %),

Na\x

> Ax(a)

HMD(x) =xlog %+ «x .
Nao<x Na

and

sy(a) _ v Ag(a)
(2.12) aNaZQ e lg2<N>—logx+NaZ£.x 9 o)

Case 5. TFor F(x)=xlogx, E=0, using of (2.8) and (2.12), we have

Na2<x oz (#73)

G(O)(x)

I

%xlog2 % + 70 x log x~ﬁx+0(x“’ log %),

H®(x) =« log %

and
v Ag(a)
(1.7) ST 2 = log %+ O (1).
No=x Na

Case 6. For F(x)=R,+7ro/a+1, E=1 using of (2.8) and (1.7) we have

GV (x)= > Ry (Tv—logx + (1 4+ 7o/2) > logx=0(x”log2x),
Na<x Na<x

HO () = Re(n)log s+ 3] Re () 4x @) + 0 (%)

Na=x

and

(1.8) Ry (%) log x + ;th) Ag (@) = O (x).
No<x

§ 3. Kuhn’'s Fundamental Theorem in an Algebraic Number Field.

Lemma 3.1.

(3.1) |Re(a)log x| <2| 31 (de(@ — 1) Re )] +ow.
Na2<x
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prof. A simple calculation yields

>0 Ag(a) vx (‘x—> =2
Na<x Na Na?2
so that (1.8) may be rewritten as (8.1).

From now on we assume the following Shapiro’s

@ v )+ O,

I

Lemma 3.2. We have a constant o(%1)>0 such that
(3.2) | Re(x) | S a(x1) %, a(x) £0.11 (%= 1)

Jor x1 sufficiently large.
Making use of Lemma 3.2 for 7: x1<N=7, we obtain

(3.3) | Re(n) | = A(V) 7 with A(IV) = a (x1) £0.11
for x4 sufficiently large. Taking

(3.4) N2<L< V7%

we get for all a : N<Na<L (x1§N<Na, Nia>

(3.5) {IRK(T\%)‘/ ']\%5- BN,

| Re(Na) | /Na £ B(N).  B(IN) = a(x1).
Let for all %

(3.6) d=1/y"Tog N,

(3~7> Nm = N(l -+ 5)711,’ Nn=m = %, (0 g m é 7’))
where

(8.8) y = [log (L/N) /log (1 + &)].

Next, we define for all m. (0sm=7r)
(3.9 Tt {Rx(n.4+1) — Re(7u)} = ox(m),
(3.10) 13t Re(1-.) = og(m).
Then, from (3.3) we have
(3.11) | ReCrn) | /2m, | Re(l=m) /7-m | = B(N).
Taking 4 : 0<4<¢s, we obtain from (1.9) and (2.11)
(8.12) 0 Yg(n+4n) —¥g (@) =247 + 0 (nlog7)
This formula may be written In the form

(3.13) ;17— | Re(n +4n) — Reg(n) | =4 +¢/108 7

for sufficiently 1arge constant ¢=c(K)>0.
Lemma 3.3. For m: 0<m=r we have
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(3.14) | ox(m) | = B(IV),

(3.15) [ og(m 4+ 1) —ogm) | =7 =06+ ) +cs2 (=0 (5)),

(3.16) log(m) | £ e =6 + 52,

(3.17) | > ogm) | =20N) + (u+ 1) F(NV) 6.

v=m=v-+u
Proof. From (3.18) with 7=79-(w+1), 4=0 and (3.14) we have (3.15). From

(3.13) with 7=7,, 4=6 we have (3.16). Finally, using (3.11) we obtain

S o(m) | £ |7t Re(r) | +06] ) amt Rg(n—m) |

vm=v+u v+1<m<v+u
+ | 25ty Re(Morura) | £ 28 (V) + (w + 1) fF(N) 6.
Lemma 3.4.

@18 5 B U@ - OR(F) = 5 extm) ax(m) +0 o D).

Proof. From (8.13) with 77=7\% and 0<4<§, we obtain

@19 Re(FE) = RaCr-n) + 0 (57-w) = 1-n (ox(m) + 0 (3)

for 7-(m+1) Sx/Na<<7—p.
From (8.9) and (3.13) with g=179,, 4=0¢
> (Ag(a) — 1) = 7y ag(m)
77m<Na§77m+1

and

> Ag(@) £ 20 7 + O (7,02).
I <Na=7 1

Then we have

(8.20) > | Ag(a) — 1] =0 (87m).

77m<Na_S;77m+1
From (8.7), (3.19) and (3.20) we have

51 (e — DRe (7

D <<Na 01
= > (Ug(@) = 1) (Re(7m) + O (674))
D <lINaO=7+1
From (2.8) we have directly
1
SV == =0 {og (1 +8))
7,<<Na=L Na
and
Na 1
(8.21) ST (dga) — 1)
n<No<L * X Na

1 %
L——1logL > 5-< log L.
% n<Nazr MO



8 Yoshikazu Epa and Norikata NAKAGOSHI

From (8.8), (8.19), (3.20) and (3.21) finally we obtain

1 x 1 1
1 Ag@@) — DRe[Z) =L 4= )
ANPISNCECED i) | == NP RS T
7—1
€ 5 3 {5 (ox(m) ox(m) + 0 (62)) } +0 (8 log L)
m=0

r—1

< S op(m) op(m) + O (8 log L).

m=0
For all m: 0<m=7, we define
(3.22) Zi=2 ﬂ[((m) O'K(m> for ai§m<¢i+ki (1§i§6)
=0

(8.23) vi=3" og(m)ox(m) for b, <m<b;+1; (1=j=H).
»=>0

Obviously we have

r—1
(3.24) | 20 px(m)og(m) | < >0 |2 |+ 25 1vil,
m=0 i<G J<H
(8.25) Z i+ Z I < 7.

1=i<G 1=g<H
Lemma 38.5. For kir<4f (2=Zi<G—1) or kir>4Ap

(3.26) s |2 S5 4AD L+ B + 0 ().
For litr<dp Q=<j<H—1)or ljt>4p
(3.27) Ty |1 ST AQD (L4 Q) +0 (o),

where © = § (1 + B(N)) +¢ o2 and p = B(N).
Proof. From (8.15)
— 7 4+ pg(m— 1) £ ox (m) <t + ox(m — 1),
hence from the obvious inequalities

ogla; — 1) £0, pgla; +k) =0,

we have
(3.28) og(m) < (m —a; + Dr,
(3.29) ‘ ox(m) < (a; +k; —m) fora; <m=<a;, +k—1.

Case (a): Bir<2F(N) (%1, G): From (38.16), (8.28), (3.29) and ¢/6=1+0(5),
r=0(8),

@; = 2;/k;6 = k%a %}0 ox (m) ox (m) (gi=m<a; + k)
Yoo
:kilg > o (m) ox (m) + > ox (m) ox (m)

=0, (3.28) 00, (3.29)
a;=m;<a-+[k;]2] -1 a;+ [k [2]<=m|\a;+R;—1
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=k1-“e( ) (m—a; +1)7 -+ > (@; + k; — m) r)
0 \gy=m=a;+[ki/2] 1 a;+[k; /2] =m<Za;+k;—1
(3.30) <4 AN + 0 (o)
Case (b): 28 (N)<<kijr<4p(N)(Z+1,G) : From (8.14), (3.16), (3.28) and (38.29)
w; = %IT)‘ ( by o (m) oy (m)+ > ox(m)og(m)
¢ »=>0, (3.28) =0, (8.14)
a;=m=a;+[F[r] -1 a;+ [l ] <=m=a;+k;—[B]<]—1
-+ P ox(ut)o; (m)
»=>0, (3.29)
a; + ky — [Blr]=m=a; + ki— 1
g-ﬁ—( >3 (m—a; + 1) + A 1
U \a=m=a+[B[r]—-1 a;+[Blr]=m=a;+k;— [#]<]—1
+ T > (¢i+ki_m>>
a;t+ki—[Blc]l=m=a;+k—1

(3.31) <0.75 p (N) + O (5)

Case(c) : k;r>4p: From (3.14), (3.16), and (3.17)

wiz%% > px(m/) oxg(m/) + > ox(m) ox(m")
i0 | p=>0,73.14) p=>0
o(m;")>0 o(m;")<<0
1<i<h/ 1<k
+ Z‘O op(m"") o (m"")
a(npa?” =0
1<i<k;" J
1 _ i 1 1 o
7% (ﬂ(N) a(n%>0 o5 (o )) =55 BN) (B(N) +—5= B(N) kid +—5F:e)
1<i<k;
(8.32) <0.75 A(IN) (1 + B(ND)) + O (d),

where 2’ + k" + &/ = E.

Fror;l (3.380), (8.31) and (3.32) we have (3.26). By the same method we can
prove (3.27) for v;.

Kuhn’s fundamental theorem. For x1<N and L<'x, we have

1 X
X ' 4 — 1) Ryl -+
% x1§N<I\7§§Lg\/;[( £(®) ) 1( Na) '

<0.75 B(N) (1 +A(N) log (L/N) + ¢1 logL/y/TogN.

where c1 1S a positive constant depending only on K.
Proof. From Lemma 3.5 and (3.8) : »=[log(L/N)/log(1+0)] we have

; x
Tx Nﬁ;\}ang (Ag (a) — 1) Ry (—JVE) |

S{ S ko + S 1;63{0.75 8 (N) (1 + B (N)) + O (0} + (slog L)

=G i=H
<0.75 8 (N) (1 + B (N)) log (L/N) + O (log L/yv'Tog N)
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which was to be proved.

§ 4. Proof of the Prime Ideal Theorem. The details of this section are similar as
in[4] but we shall include them for completeness. From (1.7) we obtain for any
X = X1

v Ag(a)
(4.1 | B _logx | Zc
Nazgjx Na 2

where ¢ is a positive constant depending only on K. Now we define

(4.2) DL = S @~ D R (7))
(N2=L/%)

Then we obtain the following
Lemma 4.1. For x4 <N and L=<y x we have

W3 IS WL | =5 AW (L + AN log (L/N) +esviog L,

where cs is @ positive constant depending only on K.
Proof. It ¢ is an integer with N2!<L<<N2'*! we have

DV, D | = | S @2 N2y |+ [ (N2 L) |

Using kuhn’s fundamental theorem we obtain

| SN, L) | =5 () (1 + AAV)) log (L/N)

log L _ 1 =

98k N IR R log N2

+c1 (VlOgNzt_1+(1/2-Ll—1v2+ )‘/og )
<2 pUN) (1 + B(NY) log (L/N) + cs Vg L.

Lemma 4.2. If /% ={=x2, ¢1=10"3 for sufficiently large %2, then we have

3

(4.4) da =5 ax(x1) (1 aa(xe)) (1 +e1) <0.092,
(4.5) e1dy log ¢ >c¢s v/ Tog ¢,

(4.6) | 20,0) | <azlogl — 4

4.7 02 | Re(C2) | < o

Proof. (4.4) is easy. Taking x1<vy/x and «1(x1)=0.11 with (3.2), we get from
(2.8) and (4.1)

Ag (%) 1
4.8 3 (0, < v Ak 4 .
( ) | 0, %1) | aq (%1) azg.n Na 2 Na)

< a1 (1) (1 + a1 (%)) log1 + ca)

where ¢4 is a positive constant depending only on K. Then for all x=(2 and all (=
%42 we obtain from (4.3) and (4.8)
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20,0 =1Z0,%0) | + [ X (%1, |
= a1(%1) ((1 + a1(x1) log % +c4)

+ % a1(x1) (1 + a1(x1)) log _Ec% + 63 V' log ¢

(4.9) <2 ax(w1) (1+ ax(x2)) log ¢ + 5V Tog € + ¢5 (51)
where
4.10) (w0 = @a(an) (o= o ax(wa) (1 + da(%2))) log 51 + da(w) ca.

Applying Lemma 3.1 we have
.11 IR | log v =21 2O, VB | + o
we have for all {=x2 the following inequality
(4.12) ~i’— e1@1(x1) (1 + a1(x1)) log ¢ =¢s v/ Tog ¢ + c5(x1) -F %06,

where %o is sufficiently large. Then we obtain (4.5). From (4.9), (4.10) and (4.12)
we obtain (4.6). Finally from (4.11) we have (4.7).

Lemma 4.3. For sufficiently large #x; {=x5 we have Lemma 4.2. Furthermore,
when we put for all 2=2 and £=2

(4.18) Tpr1 Z %2> Xy — 1
(4.14) drsr = (1 + e1) ayp(x, k), o(x, k) =£=1(1 '[‘%(’C =1 1+ a))

then for all {: vy ={=x,+1 we have the following inequalities

(4.15) |2 0,0) | < e log € — ¢

(4.16) 2o | R | <y,

Proof. Obviously we have

4.17) 0.7 <<o(x,k)<C0.91,

(4.18) ok, B) = 0.76 (1 + ) + -+ (1 — 0.75 (1 + @)
From (4.17), (4.18) and (4.5) we have

(4.19) e12,9 (£, k) log { <<c1 v Tog¢C.
From (4.19) and Lemma 4.1 we have for {: (=41 =%, 2"

[ 20,0 =1200,x2) | + ]2 2 O
=< «a,log xkz—%u + 12 (%% O

= a9 (£, k)log ¢ +¢1y/Tog ¢ ~%c4
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< &y log ¢ —%(;4.
Next, applying (4.11) we have (4.16).
From (4.4) and (4.14) we have

(4.20) ox<<0.1(0.92)k1 (= 2).

Let I be an integer taken so large that «;<C10-2 and let
Q(r) = 1.001%(1 +0.75 (¢ — 1) 1.001),

then Q(&)>(1+¢e1)@(x. I—m), where 0.75<<p<C 0.91. From (4.14) we obtain
(4.21) & pym << 1073 Q™ ().

Now, we introduce for all non-negative integers = such that
(4.22) Vitm = [(xz + 1)(2,;)m+1~—2 J

Then, from (4.13) and (4.22), for %: %;4mn<<y7+n=7 x We have
(4.23) L Re(a) 1 <1073 @7 ().

Thus, for all sufficiently large x: y2,, < £ <<y?, .., we obtain fro (4.22)
(4.24) (2£)™ = O (log x).
From (4.23) and (4.24) we have

% | Re(x) | =0 (@™ (#)) =0 ((2x)™) = O (log™* %),

where c¢=c(x)=— log @(x) log=1(2&) (£#=2). Furthermore we can take ¢ here not
depending on« as in[4] and the proof if the prime ideal theorem in the form of (1.6)
is completed.
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