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1. Introduction

It has been well known that the interaction between 7-th and j-th nuclear spin of
the form /;;I, I, is responsible for the fine structures observed in the high resolution
nuclear magnetic resonance spectra of liquids. And it was reportedf!1-041 that the
interaction is the second order effect of hyperfine interactions of the nuclear spins I;
and I, with the bond electrons in molecules.

As increase the numbers of magnetic nuclei in molecules, the fine structures become
to be more complicated, but under certain conditions those were able to interpretf2]
easily and lately some works which make an attempt to develope them to the
complicated case are appeared.[51-[9]

We will take up the method for assignment of I-I coupling fine structures of simple
organic compounds in papers of this series and will develope it to some complicated
case.

In the present paper, spin groups expressed as the formula, A,B,C, are principally

. . . 1
attacked, where A, B, and C are the nuclear spins of which spins are 5 and the

gyromagnetic ratios, 7’s, different, and the suffix indicates the spin numbers belonging
to the same group.

The compounds included in this formula are H,"*C=CF,, H,C="3CF,, and “CH,F,,
etc. The study of the nuclear magnetic resonance spectra of these *C compounds
will be appeared elswhere.

2. Simple Multiplet Fine Structures

The features of the high resolution nuclear magnetic resonance spectra of liquids
are based on the spin Hamiltonian described as follows[31,[4] :

3¢ =30 3¢ (1)

36<°>:ﬁH.ZTJu (2)

=31 /515015, 3
<3

in which 4 is the magnetic field externally applied along z direction and 7, the
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effective gyromagnetic ratio including the shielding effect of the electron for z—th

nucleus. Classifying the magnetic nuclei to the groups of nuclei having the same 7,

or the chemical equivalent groups A, B, .- , Egs. (2) and (3) are written
200 =159 + 5P+ ... (2a)
P =nHr,Fay (2b)

SC(I)z 305113__]_50%33_*_ ......

(1) +50(1)+ ‘‘‘‘‘‘ (3a)
sedl= i;’,f_ami Lis o Ly (3b)
5111)3—— E]Asz T o Ins (€1)

where 7, is the gyromagnetic ratio of group A, /,;4; is the coupling constant of the
two spins both of which belong to group A, and /,;z; is that of the two spins which
respectively belong to group A or group B, and so on. F, is the total spin angular
momentum '

3;1‘41 (4)

and 7., is its z component.

The simple multiplet structures which was studied by Gutowsky, McCall and
Slichterf3 are produced in the case of the interactions between two groups which
satisfy the following conditions :

(i) All the coupling constants between both groups of A and B are equal.

(ii) The resonance frequencies of both groups of A and B are well separated

compared with the multiplet separation.
According to the condition (i), Eq. (3c) is represented as

(])_/ABFA FB) (5>
and the condition (ii) means
| Jas| KO H |1 4—7T5] (6>
In the present case, we write the total Hamiltonian as
36 =134+ +35% &D)
4=+ 342 (7a)
sep=13 +5%, _ (7b)

and after finding the spin eigen-function of 5¢, and 56, we treat 364} as a perturba-

tion. M, and My, the eigen-values of #,, and #,.p, are constants of motion in the
unperturbed system, since #,, and /., commute with both 3¢, and 36z. On the other
hand, Eq. (5) can be written in the form of
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3.4%=_/an "z—FAf’,g-‘rTZ-FAﬁ,;-Ff"’ ea L zn (5a)

of which the first and second term are the matrix elements of

AM =1, AMp==F1,
in the matrix expressed in terms of the eigen-functions of the unperturbed system.
According to the perturbation theory, these terms can be neglected in the first order
perturbation, as the result of Eq. (6). Therefore 47, and A7, are the well defined
quantum numbers again in the perturbed system, and then Eq. (5a) is expressed as

3% & Jup My My. (5b)

Now, the selection rules are to be seen. The selection rules for the resonances of A—
and B-nucleus are obtained from the matrix elements of /4., and /4, respectively.

The selection rules for the unperturbed system are the following : If the eigen-values
of 3¢, and 3¢, are written in the form of

sea= T Ay My+e$) (8a)
Hp= TlH?’I;MI;'FES};; (8b)

respectively, the non-vanishing elements of the matrix represented by the eigen-functions
of the unperturbed system for /., and /.5, will appear in the positions which combine
the two states having the relations :

AMy=+1; AeQ)=AeS =AM =0, (92)
AMp==+1; 0e)=ae)=a47,=0. (9b)

That is, Eqs. (9a) and (9b) should be the selection rules for the resonances of A- and
B-nucleus respectively.

In the first order, the eigen-functions of the unperturbed system are by themselves
equal to those of the perturbed system for the non-degenerate states, so that the selection
rules for the perturbed system can be also given by Egs. (9a) and (9b).

As the results of Egs. (6b), (9a) and (9b), the multiplets of the resonance spectra of
A- and B-nucleus are given by

hwa= Ny A+ [46Mp (10a)

hvp=hypH+ [ 5M, (10b)
respectively, and the intensity ratios of multiplets are the ratios of the degeneracies of
M, levels for A-nucleus, and those of A/, levels for B-nucleus.

As to the groups of nuclei including more than three, the similar treatments are
applied.
If the two conditions that :
(i) The interactions between the groups are given by
SefiilziszB F -Fp
m§}6)’=]BCFB'FC an

505112':./,10 F,-Fe¢
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(ii) The following relations are valid
| Jan| € WH |7 4~7x|
| Jeel L WA | rp—7cl 12)
[Jac| € DH[74—Tcl

are satisfied, it can be illustrated that the resonance spectra of A-nucleus, as a typical one,
will have the multiplet structures of the type
ﬁpzﬁrAH+/ABMB+/ACMc+ ------ . (1?))

3. Additional Multiplet Fine Structures

When all the coupling constants between both groups of A and B are not equal each
other, the resonances of A— and B- nucleus exhibit not any simple multiplet structures.
To interpret these spectra, it is required to obtain the spin eigen-functions for the total
Hamiltonian including the interactions.[51:L9]

Suppose that the solutions of Hamiltonian have been found for the interactions between
both groups of A and B, we add the third spin group C to this system and consider the
case that the interactions between groups A and C, and B and C are given by the unique

coupling constants /¢ and /ze, respectively. Then total spin Hamiltonian is

36 =13¢,+3Cx+5ec+3e%%+ e 52+ 5652, (14
el = 2 asns Lus + Ty (142)
R=/1cF4- Fo (14b)
3%y =/ecFr - Fe, (14¢)

where the definitions for 3¢,, 3¢5, and 3¢¢ are similar to that given by Eq. (7a).
In this case, suppose that the conditions of Eq. (6) are satisfied, i.e.,

| Jasei | < DH |7 ,—7r(, (=12, ,J=1,2, e D (15a)
| Jacl < WA | 74—7¢| (15b)
| foe| < WH[1p—7c] (15c)

then M ,, My, and M are the well defined quantum numbers for the eigen functions of
Hamiltonian of Eq. (14).
Now, let us assume that the solutions of Hamiltonian for both groups of A and B are
found and that the eigen-value is given by
e+ 3Cp+3e8% =0 H (v Mu+7s Mp)+efi+elin+ela. (16)
When we add the group C to the system, the quantity
36(1)+Sc(l)N]A(}FzAFzC“’/BGFzRFzC (17}

is added as a perturbation to the unperturbed Hamiltonian which is equal to Eq. (16)
plus 3¢¢, however, since M,, My, and M, are constants of motion, the eigen-functions of
the unperturbed system which is the direct products of the eigen-functions of 3¢, and
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those of Eq. (16), are directly employed as the eigenfunction, and the eigen-value is

given by

g6 ="t H(M+Mp+ M)
(1)+€(1) +5(1)

et Jue My Mo+ Jwe My M.

(18

The selection rules for resonances of A~ and B-nucleus are obtained as follows, similarly

to Section 2,

AM==x1, AMp=AMc=0,

Ae(l)

pell)=naedl=0,

AMB=i1, AMA:AMO':O,

Aeq)=acl)=aelR=0.

(192)

(19b)

. - [€Y]
Furthermore, as to the resonance of C-nucleus, 5¢$} commutes with #,¢, so that Ac,,=0

is required and

TABLE I.

intensity for the resonance of A-nucleus

AM o=

AES}& = Ae(l)

+1, AM=AMyp=0,

%= nedd= e} =0.

(19¢

The transition energy shift and the relative

Transition

Transition energy shift

Relative intensity

)
e)
0.s1)
0.
:)
o)
0, i%)
0, ié_)
0.3

0, :t—é—)

0, +

451, 1, + 2) >| 45 0,
| 4550, 1,¢_2_)z1A1;-1,
| 4451, 0, i%):’_llfll; 0,
| 451, 0, i%)zxzle; 0,
| Bos 1, 0, i%):;’[lﬁ’g; 0,
| Boy;1, 0, 4 ) —>28,; 0,
1820, 0, £0) =21 a1,
2850, 0, 2 1) === a1,
14,0, 0, :l:-é—)Z]A;;-—l,
24y 0, 0, £ 1) =2 -1,
| i 1,1, 1) =2 iy 0,—1, )
| 40,1, %]

)= a1 ) |-

1

(o + Lz)'%i%f,w

~_<M’LL>T—‘&_/A0

g 1 S (&2+ Ity

*fAC
Ly ([(2+L2)%i
2 2

_1lx
p)

1

—2“./:40
1

i'g]AC’

1

1
?Ki EJAC

lH ol= Rl=

LA K2 Lo K (K24 L2)3]

LA K2 L2_|_](<KZ+LZ>,£] -1

- -
| = Nh—\

S L M2 12)E ]
12 L MP 4 L2 MM 12)E ]
L L - L]

Lrran e o2
2 KK 2y [2)E]1

L’[K- L

%Lz[[{z L2 K'(K2+L2)'21']—1

1
12
X

=
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TABLE II. The transition energy shift and the relative
intensity for the resonance of C-nucleus

Transition Transition energy shift Relative intensity
| 44 1, 1, %)2]141; 1, i:*%—) Jac+ e —11?
|4 11, 3) =24 1,-1,-3) g .
| 4;—1, 1, %)2‘141;“1’ 1;-—%) —Jac+ne T]é—
| s —1,—1, ) =1 dip—1,—1,~ 1) —Jac—Tnc -
|4 1,0, )14 1, 0,—3) Jac -
| =1, 0, )= 41, 0,-1) ~Jac .
|4 0, 1, %)214; 0, 1,__;: Jre —116—
|4 0=1, 1) =214y 0,—1,—5 o -
|5 1, 0, 2) =185 1, 0—3 Jao .
| Bi=1, 0, 1) =21 Bri=1, 0,-3) ~ T —
| By; 0, 1, %)3132} 0, L-%) e 1—16
| By 0,~1, 1) T=| B 0,-1,— ~ o —
14 0, o0, —;—)211-41: 0, o,_%) 0 %6_
R 0, 0, 3) ==l 0, 0,—7) 0 L
[18,; 0, 0, %)21132; 0, o,mé 0 %6
128,; 0, 0, %)1—_31232; 0, 0,-«% 0 =

Consequently, the resonance spectra for A-, B- and C-nucleus are given by the

expressions, respectively

v =07 HA 0L+ Juc Mo, (202)
hvp="hrpH+ Aef{% + /e Mg, (20b)
hwe= 0716 A+ Jy0 Mo+ [pe Me. (20c)

This indicates that each spectral line for A~ and B-nucleus which appear in the case
without C-nucleus, splits to multiplets due to 4/;, and that the simple multiplet structures

of the resonance spectra of C-nucleus are observed, as in the previous section.
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4, A,B,C Spin Group of C,, Symmetry

The spectra of A,B, spin group with C,, symmetry are analysed by McConnell, McLean,
and Reilly.[51 When C-nucleus is located on the C, axis, axis which connects the center
of gravity of group A with that of group B, each energy level of A,B, spin group splits
to the doublet, as will be seen from the results of the previous section. The transition
energy shifts and the relative intensities for the resonances of A— and C-nucleus are
tabulated in Table I and II, respectively, and the results for B-nucleus are obtained by
putting /z¢’s in place of /,¢’s in Table I. .

In the tables, the designation of the spin state means
My, Me)
and 7 is the letter to distingunish the states belonging to the same symmetry species and

|22, symmetry species ; M,

As

My, My, and M. The notations of the symmetry species are the same as that of
McConnell et al5] and the parameters in the tables are given by

K=+ /s (21a)
M:]A’“/B ‘ (21b>
Nz,/c 'l‘jt (21(:)
L=J.—/:, (21d)

where /, and /, are the coupling constants between two spins of the group A and B
respectively, and /., and /; the coupling constants between nuclei in both groups of A
and B which are located on the position of c7s and zrans with each other.

References

[1] H.S. Gutowsky and D. W. McCall, Phys. Rev., 82, 748 (1951).

[2] H.S. Gutowsky, D. W. McCall, and C. P. Slichter, Phys. Rev., 84, 589 (1951).

[3] H.S. Gutowsky, D. W. McCall, and C. P. Slichter, Jour. Chem. Phys., 21, 279 (1953).
[47] N. F. Ramsey, Phys. Rev., §1, 303 (1953).

[5] H. M. McConnell, A. D. McLean, and C. A. Reilly, Jour. Chem. Phys., 23, 1152 (1955).
[6] J. T. Arnold, Phys. Rev., 102, 136 (1956).

[77 W. A. Anderson, Phys. Rev., 102, 151 (1956).

[87] W. A. Anderson and H. M. McConnell, Jour. Chem. Phys., 26, 1496 (1957).

[9] E. B. Wilson, Jour. Chem. Phys., 27, 60 (1957).





