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Abstract We study a series of tangent circles orthogonal to the unit circle on the complex
plane. In particular, we study the case that the number of tangent circles is three. By operat-
ing inversions to the circles, we have an infinite family of circles. We show that the inverse
of the radius of a circle in the family is a linear sum of the inverses of the radii of beginning
three circles, and then their coefficients are expressed by using Stern’s diatomic sequence
(Theorem 4.4). As a corollary, we obtain a formula to compute 7 (Corollary 4.5).
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1 Introduction
Stern’s diatomic sequence is a sequence {ay},_, defined by
ap =0, ay =1, aom = A, Aom+1 = @ + A1 (M € Zxp).

As far as we know, M. A. Stern firstly defined it in [10], after that several authors have studied
it (e.g. [4, 7, 9]). In the present paper, we refine a,, as [2" : m](m,n € Zp,0 < m < 2"), which is
called Stern’s diatomic integer with depth n and order m. We arrange Stern’s diatomic integers as
vertices of a fixed infinite graph. The resulting one is called Stern’s diatomic table (cf. Definition
4.1 and Fig. 4-1). Precisely, each Stern’s diatomic integer [2" : m] is situated on the n-th line (the
depth n) and the order m from the left in Stern’s diatomic table.

In Section 2, we give a definition of tangent transformations and a series of tangent circles. In
the complex plane, for three different points aj,a; and a3 on the unit circle, let C{,C, and Cs be
circles with centers pi, p» and p3 that are in contact with one another at a;,a; and a3. These circles
are orthogonal to the unit circle. We define three Mobius transformations: F;(z) = (z— p;)/(piz—
1)(i = 1,2,3), which are called rangent transformations with centers p;. Then F;(C;) = C;(i =
1,2,3), and composite transformations F;F; = F;o F;(i = 1,2,3) are the identity transformation.
For any non-negative integer n, we define

T,={Fi, - FiFilii,i2, - ,in € {1,2,3},ix # ire1(1 <k <n-1)},

In
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16 Stern’s diatomic sequence and a series of tangent circles orthogonal to the unit circle
where if n = 0, Ty consists of the identity transformation only. We set
TCy={Ciriyi, =Fi, - Fis Fi)(Ci)) | Fiy+- Fiy Fiy € Ty, iy # i), T= [ [T, TC=] [ TCn.
n=0 n=1

Then T has a free group structure whose generators are F'|, F, and F3, and the unit is the identity
transformation.

All circles of TC,, are arranged on the unit circle without any gaps, each circle of TC,, is
orthogonal to the unit circle, and any two circles of TC,, are either tangent or disjoint from each
other. We set

TC)={Cj iri, €TCplin=1},TC>={Cjir.i, €TCpin=2},TC>={Ci,ir.., €TCpin=3},

then all circles of TC} are inside Cj, all circles of TC? are inside C», all circles of TC; are inside
Cz,and TC, = ]_[,izl TC,’;. About this part, the readers refer to [5, 6, 8].

In Section 3, we clarify the relationships among the circles of TC.

In Section 4, we prove the main result Theorem 4.4, which shows us a relationship between
geometric problems and Stern’s diatomic sequence. We note that in this paper, for any circle, we
denote the radius of its circle by the same symbol. Then Theorem 4.4 states that if Cy.y) € TC, ,11 is
the m™ (1 < m < 2" circle counterclockwise from ay, it holds

1 ~ (n:m)1+(n:m)2+(n:m)3
Cn:m) Cy G C;

where

(nim)y =227+ (m = DI[2": 27 4 m],
(n:m)y=[2":m—-1]12" : m],
(n:m)y;=[2":2""1—(m-D]2": 2" = ml.

As an application of Theorem 4.4, Corollary 4.5 states that 7 is given by (4:39) via Stern’s diatomic
integers.

Starting with Theorem 4.4, careful consideration to Stern’s diatomic integers gives us a chance
to study the Markov Conjecture (cf. [2]) which is one of the important Diophantine problems. In
the forthcoming paper, by using a binary number presentation of Stern’s diatomic integer, we will
define the assembly function (cf. [11]), which is essentially equivalent to Conway’s box function,
and clarify importance of the assembly function and the relationship with the Markov Conjecture.

2 A series of tangent circles

For any complex number p, we define a Mdbius transformation on the complex plane: F(z) =
(z—p)/(pz—1). We summarize the properties of this function.

Lemma 2.1. Let A= 1(-1)-(-p)p = |p|* - L.

(1) If A =0, then F(z) is a constant function.

) If A £ 0, then we have the following results:

(i) F)=p,F(p)=0,F(F(z)) =z

(i) For any point z on the unit circle, F(z) is on the unit circle.

@ii) If |p| > 1, for any point z inside the unit circle, F(z) is outside the unit circle, and for any point
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z outside the unit circle, F(z) is inside the unit circle.

If |pl < 1, for any point z inside the unit circle, F(z) is inside the unit circle, and for any point
outside the unit circle, F(z) is outside the unit circle.

(iv) F(2) is a conformal mapping and a circle-to-circle correspondence.

Z- (z—p) plz—p)
Proof. (1) Since pp =|pl> =1, F(z) = = P _ p_ p_Pemh_
. . pz—l ppz-p z-p
(2) (1) These formulas can be easily confirmed.
TP
pz—11"

=P lz—pl 1

pz-22 lz-p I

(i) Iflz =1, fromzz =|z> = 1, |[F(2)| =
(iii) We note that

ep =P (=lpPeP -

pz—1 pz—-1 Ipz— 112

If |p| > 1, for any complex number z with |z| > 1, we have |F(z)| < 1, and for any complex number z
with |z] < 1, we have |F(z)| > 1. If |p| < 1, for any complex number z with |z| > 1, we have |F(z)| > 1,
and for any complex number z with |z| < 1, we have |F(z)| < 1.

(iv) It is a well-known result in the complex function theory.

IFP-1=

O

Definition 2.2. Suppose p is an intersection point of two straight lines tangent to the unit circle C
at aj,ap(a; # +ay). Let C’ be a circle with center p and radius r = |a; — p| = |ap — p|. We define a
Mobius transformation such that F(z) = (z— p)/(pz— 1), and call it the tangent transformation of
C and p the center of F.

We summarize the properties of F(z).

Lemma 2.3. Under the setting in Definition 2.2, we have the following:

(1) For any point z on the circle C’, F(2) is also on C’, and z, F(2),0 are on the same straight line.
For any point z inside C’, F(z) is outside C’, and for any point 7 outside C’, F(z) is inside C’.

(2) For any point z on the unit circle C, F(2) is also on C, and z,F(z), p are on the same straight
line. In particular, a; and a; are fixed points of F. For any point z inside C, F(z) is outside C, and
for any point z outside C, F(z) is inside C.

(3) For two points 71,22 (21 # +22) on the unit circle C, we put 7| = F(z1),7) = F(22), then 7,7, are
also on the unit circle C. Let Cy be a circle orthogonal to C at 71,22, and C, be a circle orthogonal
to C at z] ,zé. Then Cy corresponds to C, under F, and Cy conversely corresponds to C under F.

Proof. (1) We note that |p| > 1. Since

(pl* = D{(pP* - D=lz—pl*}
[pz—1]?

if |z—pl = VIp?— 1, then |[F(z) — pl = VIpl*>— 1, if |z— p| > /Ipl> — 1, then |F(z) — p| < /Ipl* -1,

and if |z— p| < +/|pl* =1, then |F(z) — p| > +/|p|* — 1. Hence we have that for any point z on the

circle C’, F(z) is also on C’, for any point z inside C’, F'(2) is outside C’, and for any point z outside
C’, F(z) is inside C’. If z is a point on C’, F(z) is also a point on C’. Then

IF(z)-pl* = (pP-1) =

>

Ipl* =1 =lz—pl* = (z— p)@-P) = 22— pz— pz+Ipl*.
From pz—1 = (z— p)z, we have
Z-p z-p 1 Z

F(Z):ﬁz_lz(z_p)zz€:W. (21)
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Fig 2-1 Fig 2-2

Therefore, the origin 0, F(z),z are on the same straight line. If z is a fixed point, from (2:1), we
have |z| = 1, which concludes that the fixed points on C’ are only aj,a;.

(2) Since |p| > 1, from Lemma 2.1 (2) (ii), (iii), we have that for any point z on the unit circle C,
F(z) is also on C, for any point z inside C, F(z) is outside C, and for any point z outside C, F(z) is
inside C. If zis a point on C, from 1 = 21> = 7%,

z=p (1-1pP2z  A-1pPzpz—1  (pP-1D(z-p)
F(Z)—p=ﬁz = = =

s N 7 | N T

(2:2)

Hence F(z),z, p are on the same straight line. Let z be a fixed point. Then we have |F(z) — p| =
lz—pl. By (2:2), |p—zl = [p—2l = [pz— 1| = +/|p|*> — 1. Therefore, we conclude that the fixed points
of F are only ay,a;.

(3) By Lemma 2.1 (2) (i) and Lemma 2.3 (2), z},z, are on the unit circle C, and z; = F(Z}),22 =
F(z}). Since F is a conformal mapping and a circle-to-circle correspondence, the circle C; corre-
sponds to the circle C, under F, and the circle C, conversely corresponds to the circle C; under
F. O

In the complex plane, for three different points aj,a; and az on the unit circle, where Aajaras
is an acute triangle, let C1,C; and C3 be circles with centers py, p» and p3 that are in contact with
each other at aj,a; and a3. These circles are orthogonal to the unit circle C. We define three
Mobius transformations:

=P i—p2 i—p3

EZ— 1’ FZ(Z) = F3(Z) -

Fi(z) =
1(2) RN a1

which are called tangent transformations with centers p;(i = 1,2,3). Then we note that composite
transformations F;F; = F;o F; (i = 1,2, 3) are the identity transformation, and F;C; = F;(C;) =C; (i =
1,2,3).

Definition 2.4. For any non-negative integer n, we define

T,={F; - FiFili iz, ,ip €{1,2,3}ix # ixr1(1 <k <n-1)},
and, for any positive integer n,

TCy={Ciiyi, = Fi, - Fiy Fi,(Ci )| Fi, -+ Fi Fiy € Tyo1, iy # i},

where if n =0, F; ---F;, F; represents the identity transformation. F; ---F;,F;, is also called a
tangent transformation and Cj;,..;, = F; - Fi, F';,(C;)) is called a tangent circle with rank n.

In
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We set T =[[,-yTn, TC =]],.; TCp, then T has a free group structure whose generators
are F1, F, and F3, and the unit is the identity transformation. All tangent circles with rank n
are arranged on the unit circle without any gaps, each tangent circle with rank »n is orthogonal to
the unit circle, and any two tangent circles with rank » are either tangent or disjoint from each
other. Further we set TC) = {Cj,j,..i, € TCplin = 1}, TC? = {Ciyiyi, € TCylin = 2} and TC3 =
{Ciiy-ni, € TCylin = 3}, then all tangent circles of TC,lL are inside C, all tangent circles of TC%
are inside C», all tangent circles of TC; are inside C3 and TC, = ]_[,z:1 TCk. Finally, we set
IF ={C,,C,,C3,F1, F,, F3}, and call it the initial figure.

From now on, for any circle H, we represent the radius of its circle by the same symbol H. In
particular, we represent the radius of a tangent circle Cj;,...;, by the same symbol C;,...;,.

3 The relationships among tangent circles

In this section, we study several relationships among the radii of tangent circles.

Lemma 3.1. In Figure 3-1, let ay,az,a3(a; # +as) be three points on the unit circle C, and C,
be a circle orthogonal to C at ay,a3. Suppose cy is a circle orthogonal to C at ai,ay, and ¢ is a
circle orthogonal to C at ay,as. Then Cy,c1,cy are touching at ay,az,a3. We set | = |a; —as|. Then

we have
(1) =2 @ 1= — (3:1)
1: N = . :
1-cic ,/1+(C1)2

Fig 3-1

Proof. (1) We put 8 = Za|0as, @ = £a|0a;, 8 = Lar0a3. Then from 6 = a + 5, we have 6/2 =
a/2+ /2. Hence,

a
0 (a ﬁ)_ tan5+tan5 ~ c1+co
a B l-cca

1 —tan —tan —
an2 an2

0 0
(2) From C; =tan 0} and / = 2 sin 7 we have the result by simple calculation. O
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Theorem 3.2. In Figure 3-2, let C,C»,c be circles orthogonal to the unit circle C, where C1,C;
circumscribe each other at a point as, and Cy,c inscribe each other at the same point az. For
F(z) = (z—p)/(pz—1) (Ipl > 1), let C|, C}, ¢’ be the images of Ci, C2, c under F respectively.
Then we have the following relationships among these radii.

Ci Cy+c C) Cy+c , c(Ci+(C))
(1) —. =120 g)¢= . (3:2)
C2 Cl—C C2 Cl—C C] C C2 C
(Eﬂ<z+o+(gﬁ<l—o

Proof. Let al,az,a4,a’l,a’z,a:1 be intersection points of C and Cy,c,C;,C i,c’, Cé respectively, and
we set lag —az| =1y, laz —ai| = b, lag — az| = I3, laa —a1| = ly, lay — a}| = 1, |}, —aj| = 1)), |a), — &))| =
I}, la} — a| = I}. Then since cross ratios are invariant under F', we have

(ar—as3)ay—ar)  (ay—ay)(a)—a))

(a3—aas—ay)  (a}—a))(a,—d))

which concludes that
A ~ L L
0l Ll
Suppose c; is the circle orthogonal to C at 2 points ay,ay, and ¢; is the circle orthogonal to C at 2
points ap,as. Let c’l, c’2 be the images of ¢y, c» under F respectively. We substitute (3:1) into the
square of (3:3). Then we have
(C)? 1+(C)? (€)D? 1+(c)? (C)?* 1+(C1)?* (ch)? 1+(c2)?
(C2)? T+(CH? (1 1+(cD? (CD? T+(CP? (e2)? 1+(ch)?

(3:3)

Ci—-c Cr+c , i -c , Ci+c
, €2 = , Gy = y Ch =
1+Cic 1-Cyc’ ! 1+Cic’ 2 1—Céc’

By Lemma 3.1, we have ¢ = . Hence,

(C)? 1+(C2)* (C}=c)? (1+C10)* +(Ci —c)?
(€2 T+ (C1=cF U+CeR+(Cl—c)

~ (C)? 1+(C)? (Ch+' P (1=Ce)* +(Cr+0)?
T (C)? 1+(C1)2‘ (Cr+0? (1 —Che/ 2 +(Ch+ )
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Therefore,
C, Cr+c C] Ci+c
—_— = — = . (3:4)
C, Ci—c C2 Cl —-c’

By (3:4), we immediately obtain (3:2). O

For the radii of a series of tangent circles of 7TC, we rewrite Theorem 3.2.

Corollary 3.3. Let IF ={C,,C,,C3,F1, F», F3} be the initial figure, where

Z—Pp1 Z—Dp2 Z—Pp3
Fi(2) = ——, Fr(z) = —, F3(z) = — .
piz—1 paz—1 p3z—1

Suppose H,Hj are the tangent circles with rank n, hy,h, are the tangent circles with rank n+ 1,
and these circles are touching each other at a point a on C. Let H{,H},h\,h), be the images of
Hi,Hy,h,hy under Fy respectively. Then,

, hi(H\ + H>) , ha(Hi + H>)
hy = hy =

(%)(Hz+h1)+(%)(1']1 by (

H,

7)1+ (o) oy

2
Theorem 3.4. Let [F ={C1,C3,C3,F1, F>, F3} be the initial figure, where
a4 i=p2 i—p3

Fi1(2) = —, Fr(2) = ——, F3(2) = — )
piz—1 p2z—1 p3z—1

Suppose this IF has been already rotated around the origin such that p; locates on the positive
real axis. Let ai,ay,as3 be contact points between C3 and C1, C| and C,, Cy and Cs respectively.
For any point a on C, let a’ be the image of a under Fi, and (0 <0 < 2m),r(0)(0 <0 <2nm),a(0 <
a < 1/2) be the arguments of complex numbers a,a’,ay respectively. Then, we have the following:

(1) If 6 =0, then r(6) =n.
(2) If 6 =m, then r(6) = 0.

0 r(6) ,
(3) If 0 #0,m, then tanEtanT = tan 7 3:5)

Proof. (3) Under this situation, we denote a = ¢, a’ = @ a; = ¢7® ar = €, p; = 1/ cosa . Since

the argument of the complex number z = (@’ — p1)/(a— p1) equals to 0, z is a real number. Hence,
a~-p1_d-pi

a—pi - a—Pl'

OO0 052 0 — " cosa — e cosa = " cos? @ — e cosa — e cos a.

From 0 < @ < /2, we have cosa # 0. Hence

(ei(r(f))—f)) _ e—i(r(@)—@)) cosa + (eiH _ e—iO) _ (eir(O) _ e—ir(@)) =0.

_r@)-6 r@)—6 r(0)+6
sin > (cos cosa — Cos ) =0

2 2
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Fig 3-3

r@)—6o r@)—o r@)+0
@ =0------ (1) or cos @ CoSa@—CoS ©) =0

In the case (1): Since —r < (r() —6)/2 < &, we have r(6) = 8, which implies 6 = r(0) = a or
6 = r(0) = 2n — . In the both cases, we have (3:5).
In the case (2):

e 6 r@ 0 e 6 r@ 0
—_— —+ —_— el —_— —_—— —_— —] =
cos a/(cos 5 cos 5 sin 5 sin 2) (cos 5 cos 5 sin 5 sin 2)
| @) | r(0) 0
( +cosa)sm7 s1n5 =( —cosa)cosTcos 7
] 0 r(6)
Since 0 < @ < /2 and 8 # 0,7, we have 1 +cosa # 0, cos 5 # 0,cos - # 0. Hence,
0 r(@ 1-cosa ,
tan — tan — = ———— = tan” —.
an2 an 2 1+cosa an 2
(1), (2) It is clear that if @ = 0, then r(6) = &, and if 6 = &, then r(6) = 0. O

4 The radii of tangent circles with rank n

Definition 4.1. For two non-negative integers m and n with 0 < m < 2", we define an integer
[2" : m] by the following rules:

1 [2°:01=0,[2:1]=1,

2. [27) 2m) = [2" : m] O<m<2"),

3. 2" 2m+ 1] =28 m]+[2" i m+ 1] O0<m<2"-1).

We call [2" : m] Stern’s diatomic integer (SDI, for short) for depth n and order m. SDIs are
expressed in Fig. 4-1. We call this table of SDIs Stern’s diatomic table (SDT, for short).
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[29:0] [29:1]
(0) J (1)
[2!:0] [2':1] [2!:2]
(0) J (1 J (1)
22:0] ———[2%2: 1] ———[2%2:2] ———[2%2:3] ———[2%: 4]

() J ) J ) J ) J )
[23:0] [23:1] [23:2] [23:3] [23:4] [23:5] [23:6] [2°:7] [2°:8]

© (¢)) (€] (@) (1 3) @ (3) ()]

Fig. 4-1

From the definition, we can immediately obtain the following relations:

MR ml=[2":m] (0<m<2"),
Q2" :2m=[2":m] (0<m<2"",
G)[2": 2" m=[2":2"-m] (0<m< 2" .
Lemma 4.2. Let m and n be two integers withn > 1,1 <m <2"—1. I[f m =272k +1) (p,k € Z>p),

then
R':m-11+2" :m+11=Qp+ D[2" : m].

Proof. We prove this identity by induction on p. If p =0, then m = 2k + 1, and
2% :m=1+[2" :m+1]=[2": 2k +[2" : 2k+2] = [2" k] + 2"t k+1]
=[2":2k+1]1=[2":m].

For some integer p > 0, suppose [2" : m—1]+[2" : m+ 1] = (2p+ 1)[2" : m], where m is an arbitrary
integer such that m = 2P(2k + 1). For any integer m = 2P*1(2k + 1),
2" :m=11+[2" :m+1]1=[2": 2P Qk+ )= 1]+ [2": 27 2k + 1) + 1]
=271 2Pk + 1) = 1]+ 2[2"7 1 2Pk + D]+ 2" 1 2P 2k + 1) +1]
=Q2p+D[2" 1 2Pk + D] +2[2"7 ! 2P 2k + 1)]
=Q2p+ D27 : 2P 2k + D] +2[2": 2P Qk+ D] = Qp+3)[2" : m],

which completes the proof. O

b

Definition 4.3. By using SDIs, we define the following integers. For m = 1,2,---,2""!

n:my=12": 2"+ (m-DJ2": 2" +m], (4:1)
(n:m)y=012":m-1][2": m], 4:2)
(n:m)yy=[2": 2" —m-DJ2": 2" = ml. (4:3)

Theorem 4.4. Suppose IF ={C,,C>,C3,F1, F,, F3} is the initial figure, where

Z—P1 Z—Pp2 Z—Pp3
Fi(2) = = , Fr(2) = = , F3(2) = — )
piz—1 p2z—1 p3z—1
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Let ay,a3,a3 be contact points on the unit circle C between C3 and C|, C| and C,, Cp and Cs
respectively, and Cy.my € TC), be the m™ (1 <m < 2"V tangent circle counterclockwise from a;
with rank n in Cy. Then,
1 (n:m)yy (n:m)y (n:m)s
= + + .
Cn:m) Ci C C3

(4:4)

We obtain the radii of tangent circles with rank n in C;, C3 by replacing C1,C»,C3 of (4:4) with
C,,C3,Cy or C3,C1,C,. To be precise, suppose a; is the contact point between C; and C», and a3
is the contact point between C, and C3. Let H,.,) € TC% be the m” (1 <m < 2" 1) tangent circle
counterclockwise from a, with rank » in C,. Then,

1 n:m)yy (mn:m)y m:m)s
= + + .
Hp:m) (&) 3 Ci

4:5)

Let Kypmy € TC ;;’ be the m™ (1 <m < 2" 1) tangent circle counterclockwise from as with rank # in
C3. Then,
1 (n:m)yy (n:m) (n:m)s
= + + .
Kn:m) C3 Ci C

(4:6)

Proof. We prove this proposition by induction on rank n. If n =1, then m =1 and C(;.1y = C;.
Meanwhile, by (4:1), (4:2) and (4:3), we have

AQ:Dy=[2:1][2:2] =1, (1:1),=[2:0][2:1] =0, (1:1); =[2:1][2:0] =0.

Hence we have
1 1 (A:1; (A:1)y ((:1);
= —_-— + + .
Cany Ci Ci 6)) C3
Similarly, we can confirm that C,,C5 are expressed by (4:5), (4:6).
Ifn=2,thenm=1or2, and Cp.1) = C31,C(2:2) = C21. First we show the radius of Cy;.

Fig 4-2

In Figure 4-2, we put /p;0az = 6, p,0a} = r(6) and £p,0a; = @. Then,
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a r(0) 6 a 0 r(0)
a—r@) tan-—tan——  tan—tan—tan—tan ——
Cyy = tan _ 2 2 _ 2 2 2 '
2 | a 1 0 a 0 1@
+tan —tan — tan —+tan — tan — tan —
anzan2 an2 anzanzan2
0 a @
tan E tan 5— tan2 5
By Theorem 3.4, we have Cp; = . (1).
a
tan —+ tan® —
an > an 5
0 a a
0—a tanE—tanE 0 C2+tan5
Note C| =tana, C, =tan = , and substitute tan — =
2 0 a a
1 +tan 3 tan 5 1- CztanE
into (1). Then,
a a a
C, tan —+ Cytan® — Crtan—
Coi = 2 2 _ 2
21 = =
a a a a a
C, +tan 5+ tan3 5" Cgtan“E C2(1 —tan2 —) +tan 5
L« a
2C251n5 cos > Cotana Ci1C,
B a . za L a 0_2C2+tana_2C2+C1.
2C2(cos2 ——sin —) + 2sm5 cos —
Similarly, we have the radius of C3; as follows:
a r(0) 0 a 0 r(0)
@ +r() tan —+tan — tan — tan —+tan — tan —
Cs = tan _ 2 2 _ 2 2 2 2 .
2 | a r(6) 0 a 0 r(6)
—tan— tan —  tan ——tan — tan — tan —
an2an2 an2 anzanzan2
6 a , @
tan 5 tan E'f‘ tan E
By Theorem 3.4, we have C3; = 0 . (2).
a
tan ——t 3 _
an 5 an 5
a 0
Qr-a)-6 a+6 a+6 tan =+ tan — . 6
Note C3 =tan ——— =tan (7‘(— —) =—tan 5 =— o’ and substitute tan — =
a
1 —tan — tan —
a
Csz+tan —

into(2). Then we have

a
C3tan5— 1
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Catan—+ Cstan’ = Cstane
tan— + C3tan® — tan—
o 3ztan 2 sztan B ~ 3tan >
31 = =
o a a a a
C3 +tan5+tan3 5—C3tan45 C3(1 — tan? §)+tan5
@ a
B 2C3 s1n5 CcoS 3 ~ C;sina B C,Cs
B a @ a o 2Cscosa+sina 2C3+C;’
2C3(cos2 5 sin® 5) + 2sin5 cos >
From the above mentioned, we have
1 2 1 1 2 1

=t (4:7)
Cy C GCs Cun C O

Meanwhile, if n =2 and m =1,

2:1)1=[4:2][4:3]=2, 2:1),=[4:0][4:1]=0, 2:1)3=[4:2][4:1]=1.
Ifn=2and m=2,

2:2)1=[4:3][4:4]1=2, 2:2),=[4:1][4:2] =1, 2:2)3=[4:1][4:0] =0.

Hence we have

1 B 1 _(2:1)1+(2:1)2+(2:1)3 1 B 1 _(2:2)1+(2:2)2+(2:2)3
Con GCsi Cy ) Cs ~ Capz Cy C G Cs

Therefore all the radii of tangent circles with rank 2 in C; are given by (4:4), which immediately

concludes that all the radii of tangent circles with rank 2 in C,, C3 are given by (4:5), (4:6).
Suppose all the radii of tangent circles with rank n,n+1 in C are given by (4:4). To be precise,

for any order m(1 <m <2"""), the radius of the m"" tangent circle from a; with rank n in C; is

given by

1 n:m)yy (m:m)y (m:m)

= Ly 2+ 3, (4:8)
C(n:m) Cl C2 C3
and for any order m (1 < m <2"), the radius of the m™" tangent circle from a; with rank n+1 in C;
is given by
1 n+l:m)y (mm+1:m)y @+1:m);
_ Ly + : (4:9)
Cln+1:m) Ci (6) C3

Then, we can conclude that for any order m (1 < m < 2"~!), the radius of the m™ tangent circle
from a, with rank n in C, is given by

1 n:m)yy (m:m)y (m:m)
_ Ly 2., . (4:10)
H(n:m) CZ C3 Cl
and the radius of the m"" tangent circle from a3 with rank n in C3 is given by
1 (n:m);y (n:m), (n:m)
- an 24 e @:11)

Km) C3 Ci C,
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Furthermore, we can conclude that for any order n (1 < m < 2), the radius of the m™ tangent circle
from a, with rank n+ 1 in C5 is given by

1 n+1:m)y; (m+1:m)y @m+1:m);
_ + + , (4:12)
H1:m) ) C3 Ci
and the radius of the m"" tangent circle from a3 with rank n + 1 in Cs is given by
1 nm+1:m); (m+1:m)y; @m+1:m)
- Ly " > 4:13)
K+ 1:m) C3 Ci 6)

Under the assumptions (4:8), (4:9), (4:10), (4:11), (4:12), (4:13), we will prove that for any order
m(1 <m < 2", the radius of the m"” tangent circle from a; with rank n+2 in C; is given by

1 n+2:m)yy (n+2:m)y; @m+2:m);
= + + .
Cinr2:m) ¢ C C3

K(n:2"'1—l+1)

Fig 4-3

(1) Letmbe aneveninteger suchthat2 <m<2"-2, andweputm=2[(I=1,2,--- ,2771-1). In
Figure 4-3, C(,42.m) inscribes C(,41.) and circumscribes C,41:14+1), Where Cui1.) 1s the [ tangent
circle from a; with rank n+1 in C; and C(,41.141) 1S the (I + I tangent circle from a; with rank
n+1in C;. Then, the inverse image of C(,+1.; under Fy is K,.on-1_;,1), which is the Q"' =1+ 1)h
tangent circle from a3 with rank n in C3, the inverse image of Ci;41.41) under Fy is K01y,
which is the (27! =y tangent circle from a3 with rank » in C3, and the inverse image of C(,+2.m)
under F'1 is K+1:20-21+1), Which is the (2" -2/ + I tangent circle from as with rank n+ 1 in C3.
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From the assumption of induction,

1 (m+1:D1 (m+1l:D)p (m+1:0)3
= + +

= , (4:14)
Cs1:0) Cy Cs Cs
1 m+1:1+1); (m+1:1+1)y @®w+1:1+1)
- Ly i . (4:15)
Cust:141) Cy ) C3
1 n:2" =14 1), (n:2"'=1+1) (n:2"'—I1+1)
= + + , (4:16)
Kom1-141) Cs Ci Cy
1 n:2ml o n:2ml o n:2ml o
:( )1+( )2+( )3, @17)
K(HIZ"_I—I) C3 C] C2
1 n+1:2"=2l+1); (n+1:2"-21+1)y (m+1:2"=-2[+1);3
= + + :
Kns1:2022141) Cs ¢ &)

Hence, by Corollary 3.3, we can calculate C(,12. as follows:

Cons2:m)
K('H'l32"—21+1){K(n:2”’1—l+1) + K(n:Z’H—I)}

{ Kipan-1-141) Kpan-1-)

K, on-1_j.1y— Kine1:2n—
C(n+1:l) }{ (n:2m=1-1+1) (n+1:2 21+1)}

Kpon1-1y + K 1:0n-2141 +{
}{ o )R +)} Cust:141)

1 1
e T
_ Kpoioiey K12y . (4:18)

1 1 1 1 1 1
{ {8 oo Kfcwemnd - |
Cinr1:y \Kv1:2n-21+1)  Kipoi2p)  Conerairt) \Ker:2n-2141) - Kon1-141)
By (4:16) and (4:17),

1 1 n: 2" =1+ 1)+ 27 =),
—+ =
Kooty Koy C3

(2" =14+ 1+ 2" =Dy (27 =l+ 13+ (2" = D)3
+ .

+
C1 C2

In this identity, we set [ =2P(2I' + 1) (p,!’ € Z>(). Then by Lemma 4.2,
2" =+ D+ 2=y,
=272 =2 2t =+ 1]+ (2" 2" == 1][2": 2" =]
=[2": 2" 0([2": 2" = - 1]+[2":2"—1+1])
=[2": 2" =12p+ D[2": 2" =11 = @p+ D[2": 2" - 11%.

Similarly, we have

2" =+ D+ (2" =Dy = @p+ D27 27 -1,
(n: 2" I+ 13+ (m: 2" =Dy = 2p+ D[2": 1%
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Hence we have

1 1 [27:2n -2 [27:2n 12 27 )R
+ + .

Cs Cy G

=Q2p+ 1)( (4:19)

+
K(n:Z”‘] —1+1) I((n:Z”‘I )
Meanwhile,

1 1 (n+1:2"=20+ 1) —(n: 2" =1+ 1)

K(n+l:2"—2[+l) K(n:2”*1—1+]) - G

(n+1:2"=21+ 1) —(n: 2" =1+ 1)y (n+1:2"=21+1)3—(n:2" =1+ 1)3
+ + .
C1 C2

In this identity,

(n+1:2"=21+1)—(n: 2" =1+ 1),

=[2mttom ottt ot o 1) -2 2" - ) [2": 2" = 1+ 1]

=2 2 ) ([27 2 — 20+ 1] -2 2" -1+ 1])

=[27: 2 N[22 =1+ [2": 2" =1+ 1] = [2": 2" = [+ 1])=[2": 2" = )%

Similarly, we have

n+1:2"=20+1)—(n: 2" " I+ 1) =[2": 2" =12,
(n+1:2"=20+1)3-(n: 2" =1+ 1) =[2": []%.
Hence we have

1 1 [27:2"—1 202l -2 [2nep?
+ +

- = (4:20)
Kav12n-211)  Kipoon-1-141) C3 Ci 65)

Furthermore,

1 1 (n+1:2"=21+ 1) +(n:2"1 =)

+ =
Kav1:on-2141)  Kpon1-p) G

(n+1:2"=21+ 1+ (n:2"" =l (n+1:2"=21+)3+(n:2"" =)
+ .
Cy C,

+

In this identity,

(n+1:2"=20+ 1) +(n: 2" =D =2(p+ D[2": 2" - 1%,

(n+1:2" =20+ 1)+ m: 2" =Dy =2(p+ D[2" : 21 - 12,

(n+1:2"=20+1)3+@m: 2" =D3 =2(p+ D[2" : []%.
Hence we have

1 1

[27:2"—1 2727 -2 [2n:P?
+ ) (4:21)

=2(p+ 1)( +

+
Kas1on-2141)  Kpon1-y) C3 Cy 6)

We substitute (4:19), (4:20) and (4:21) into (4:18), then we have

1 2p+1) 1 1 1
- + .
Cus2my 2p+1 Cusiy 2p+1 Ciurris)
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We substitute (4:14), (4:15) into this identity. Then,

2pt2 1:1 1:71+1
+1:D1+ +1:1+
T A P L "
C(n+2:m) Ci
2p+2 1 2p+2
(n+1:0),+ (n+1:1+1), (n+1:D)3+ (n+1:14+1);3
Jr2p+1 2p+1 +2p+1 2p
Cz C3
In this identity,
p+2 1:1 1:71+1
+1:D1+ +1:1+
priit bt e )

rh2nen 1
:T{[zn+ 2+ I+ 1]+ 2p+ 22" 12"+ - 1))

[2r1+1 SNy l]

= —————{[2" 2" = 114 22" L 1]+ 2p+ D22 1= 1] (3).

2p+1

Then, there exists some integer k, such that 2" +[ =272k, +1). By Lemma 4.2,

[2n+l .o 4]

(3)=—————{@p+ D" : 2"+ 1+ 2p+ DI2" 2" +1-1]]

2p+1
=2 212 2" L= 1] 27 2 )
= (2" 22t 2 k21— 1)
[27422m+ L o222t 4 21— 1)
[

Similarly,

1 +1:1+1
2p+1 i1 »2

21
2p+1 {
271

@p+2)2™t =11+ 2" 1+ 1)

= {@p+ D2t i= 1+ 27 =1+ 2 1)

2p+1
where [ =272/’ + 1). By Lemma 4.2,

o+l ]

4y = {@p+Dr2"" 1= 11+ @p+ D12 2 1))

2p+1
=2+ l]([2”“ Sl—1]+ 2" 1]) =[2"2: 202" 1 21— 1]

=22 m—1][2"% :m] = (n+2 : m),.

22 m L 22 2 L (m=1)] = (n+2 : m);.

(4:22)

(4:23)
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Furthermore,
2p+2 L .
aprit st g bl s
[2n+1:2n_l] 1 1
= {22 - @p 22 2 - 1)
14
[2n+1:2n_l] 1 1 |
:W{[ZM M= 1]+ [2" 2 [+ 1+ 2p+ D2 :2”—l+1]}...<5>,
14

Then, there exists some integer k3 such that 2" — [ = 27(2k3 + 1). By Lemma 4.2,

[Zn+1 SN _ l] . .
(5) = —{(2p+ DR 2"~ 1+ 1]+ @2p+ D2 2" —l]}
2p+1
=22t 2t 27 2 =1+ 1))
— [2n+2 : 2n+] _21][2n+2 . 2n+1 _21+ 1]
=22 2" (=D 2" —m) = (n+2 - m)s. (4:24)

Therefore, by (4:22), (4:23) and (4:24), we have

1 n+2:m); (m+2:m); (+2:m);
= + + .
C(n+2:m) Cl C2 C3

(2) Let m be an odd integer such that 3 <m <2"—-1, and we putm =2/-1(/=2,3,---,2"). In
Figure 4-4, C(,42.m) inscribes C(,41.) and circumscribes C,41:1-1y, Where Cu11. 1s the [t tangent
circle from a; with rank n+ 1 in C1 and C,41.-1 is the (I— 1) tangent circle from a; with rank
n+1in C;. Then, the inverse image of C(;+1. under Fy is K,.pn-1_;,1), which is the Q"' =1+ 1)"h
tangent circle from a3 with rank n in C3, the inverse image of C,+1:-1) under Fy is K,.on-1_1,2),
which is the (2"~! —+2)" tangent circle from a3 with rank n in C3, and the inverse image of
Cn+2:m) under Fy is K(,41:21-2142), Which is the (2" -2+ 2)”’ tangent circle from a3 with rank n+ 1
in C3. From the assumption of induction,

1 n+1:0); (m+1:Dp (n+1:0D3
= + +

— , (4:25)
Cns12) Ci Cy Cs
1 n+1:1-1); (m+1:1-1), m+1:1-1)
- Ly = o (4:26)
Conr1:-1) C C Cs
1 n:2"'—1+1); m:2"'=1+1) (:2"'—1+1)
- Ly = ) 4:27)
Kuon1-141) G C G
1 n:2ml 142 n:2ml 142 n:2ml 142
_ ( )1 . ( )2 s ( )3’ 428)
K(n:2”"—l+2) C3 C] C2
1 (n+1:2"=21+2); (n+1:2"=21+2), (n+1:2"=21+2)3
— + + .

Ki121-2142) Cs ¢y )
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Kmn:ovi-ivy)

Kn+1:2n21+2)

Kpn:orioi+2)

Fig 4-4

Hence, also in this case, by Corollary 3.3, we can calculate C;.,; as follows:
C(n+2:m)

K(n+1:2"—21+2){K(n:2"" 11y T Ko —1+2)}

{K(n:Z”‘l—Hl)
Cor1:

K An—1
(n:27=1-142)
}{K(n:Z"*‘ -1+2) +K(n+1:2”—21+2)}"‘{—}{K(n:zﬂfl —I+1) _K(n+1:2"—21+2)}

Car1:-1

1 1
{K " K }
on—=1_ n=1_
_ (n:271=1+1) (n:271-1+42) . (4:29)

1 1 1 1 1 1
Cn+1:) {K(n+1:2”—21+2)+K(n;2"—1—l+2)}+c(n+1:l—1) {K(n+l:2"—21+2) - K(n;zn—1_1+1)}
By (4:27) and (4:28),
1 1 2" =+ D+ 27 = 1+2),

+ =
Kpo1-iv1y Kon-1-142) G

2" =l Do+ 271 =14+2)y (2" =14+ )3+ (n: 2" =1+ 2)3
+ + .
C] C2
In this identity,
2" =+ D+ 27 = 1+2),
=20 2 = [2": 2" = I+ 1]+ [2": 2 = [+ 1][2": 2" = [+ 2]
=[2": 2"—1+1]([2":2"—1]+[2": 2”—1+2]).
We put [—1=2PQI +1) (p,l' € Zsp). Then, there exists some integer k; such that 2" —[+1 =
2P(2k; +1). By Lemma 4.2,

2"+ D+ 27 = 1+2) = Qp+ D27 2" =1+ 172
Similarly, we have
2"+ Do+ (2" =1+ 2), = 2p+ D[2%: 2" — (1= D),
2" I+ )3+ (m: 2" =1+ 23 = p+ D[2": - 1%
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Hence we have

1 1

+
Koori-ie1y  Kpo-1-142)
[27:2"—1+1]7 [2":2"'—(-D]P* [2":1-1]?
+ + .
Cs Ci G )

=2p+ 1)(

Meanwhile, in the same way as (4:20), (4:21), we have the following results:

1 1 [27:2"-1+11F [2:2"'—(-D* [2":1-1]?
- = + +
Kapv1on-21+2)  Kipon-1-141) C3 Cy C>
1 1

+
Ku12n-2142)  Kon-1-142)

[27:2"—1+1] [2":2"'-(-D* [2":0-1]
=2(p+ 1)( C + c + C )
3 1 2

We substitute (4:30), (4:31), (4:32) into (4:29), then we have

1 2p+1) 1 1 1
- + )
Cins2my  2p+1 Cusry 2p+1Clsra-n

We substitute (4:25), (4:26) into this identity. Then we have

2p+2 1:1 1:1-1

1 ) 2p+1(n+ : )1+2p+1(n+ l-1)
C(n+2:m) Ci

2r+2 1:1 : 1:1-1 2p+2 1:1 1:1-1
+2p+1(n+ .)2+2p+1(n+ - )2+2p+1(n+ .)3+2p+1(n+ —1)3

C2 C3
In this identity,
22 1:1 1:71-1
+1:D1+ +1:1-

pr T hibiy g e J

(2712 41— 1] 1 1
- TS {2 2w 1-21+ @p+ 212" 2"+ 1))

(27127 +1-1]

= ————— {22 ]+ 272"+ 1= 2]+ 2p+ D22+ 1) (6)

2p+1
Then, there exists some integer k» such that 2" +/—1=27(2k, +1). By Lemma 4.2,
2+l 2m 41— 1] | |
(6) = {(2p+ DR 2"+ =11+ Q2p+ D2 2" +l]}
2p+1
=22t -1 ([27 2" - 1] 27 2" 4 0))
= [2"2 2 122" 2 k21— 1)

=22 2" =D 2" v m] = (42 m); .

33

(4:30)

(4:31)

(4:32)

(4:33)
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Similarly,

2p+2 L
2p+1(n+ ')2+2p+1

Furthermore,

n+1:1-1)=(n+2:m),.

2p+2 L
+1:03+
ettt

Hence, also in this case, by (4:33), (4:34) and (4:35), we have

(n+1: 1—1)3 =(n+2:m)3.

1 n+2:m)y; m+2:m)y (m+2:m)s
= + + .
C(n+2:m) Cl C2 C3

(4:34)

(4:35)

(3) Suppose m = 1. In Figure 4-5, C(,42:1) inscribes C,1.1y and circumscribes C3, where Cu41:1)
is the 1* tangent circle from a; with rank n+ 1 in Cy. Then the inverse image of C(y+1:1), Cn+2:1
under Fy are K.on1), Kpi1:0m respectively, where K,.on1) is the (n-1yth tangent circle from
az with rank n in C3, and K(,4+1:07) is the (Qmyh tangent circle from az with rank n+ 1 in Cs.
Note that the inverse image of C3 under F; is C3;. By (4:7) and the assumption of induction

(4:8),(4:9),(4:10),(4:11),(4:12),(4: 13),

1 (a+1:1) (+1:1) (+1:1)3 n+l 0 n
Cins1:1) Ci C> C3 Ci G G

1 0 0 1
— =t —t—,
C; C G G

1 n:2"YH m:2"Y% ®:2"Y% n n-1 0
= + + =—+ +—,
K(n:zn—l) C3 C] C2 C3 C] C2

1 2 0 1

= — 4 —4—,
Cy C G G

1 n+1:2% (+1:2" (@+1:2"; n+l n 0
= + + = +—+ =

Kierom C3 Ci C> C: C Gy

Hence, also in this case, we can calculate C,42.1) by Corollary 3.3 as follows:

1 1 1 1 1 1
I Corrp\Kasrzny - Ca1/ 0 C3\Kery Ko,

Cus21) 1 1
e e
K(n:Z"’l) C31
In this identity,
1 1 n+l1 n+1 1 1
+—= + =(n+1)(—+—),
K(n:zn—l) C3 C Cs C, GCs
1 1 n+2 n+?2 ( 2)( 1 1 )
+—= + =(n+2)(—+—),
Kps1omy C1 Cy C3 Ci G
1 1 1 1

- =—4—.
Kni1ony Koty C1 C3

(4:36)
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We substitute these identities into (4:36). Then we have

1 1 1 1,1 1

+2) =+ —=—)+=—|=—+—=—
1 _C(n+1:1)(n )(C1 C3) C3(C1 C3)_n+2 1 . 1 1
C(n+2:l) 1 1 n+l1 C(n+1;1) n+1Cs
(n+ D)=+ =)
C, C;

n+2,n+1 n 1 1 n+2 n+l
S Y
n+1\ Cy Cy’ n+1GC; Cy C;

(n+2:1); (n+2:1) (+2:1);
= + + .
G C, Cs

(4) Suppose m =2". In Figure 4-6, C(,12.0n inscribes C3; in C; and circumscribes Cy in Cj.
Then, the inverse image of C3; under F; is C3, the inverse image of C»; under F is C», and the
inverse image of C(,12:n under Fj is K(n+1:1), Which is the 1* tangent circle from a3 with rank
n+1in C3. By (4:7) and the assumption of induction,

1 2 0 1 1 0 0 1
—_ = ——, —_ = —+—
Cyi Ci G C3 C: Ci G G
1 2 1 0 1 0 1 0
—_ = ——, —_ =t —+—,
Cxn Ci G G C C G G
1 n+1:1)y (m+1:1), (m+1:1)3 n+l1 n
= + + = +—.
K1y Cs Cy C C: (O

Hence, we can calculate C(,42.2v) by Corollary 3.3 as follows:

1 ( 1 1 ) 1 ( 1 1 )

— + —)+— -—=
1 _ Cs1 Kn+1:1) 6)) Ca Kn+1:1) C; (4:37)
C(n+2:2") 1 1 . .

(a*a)
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Kn+1:1)

Fig 4-6

We substitute the following identities into (4:37).

1 1 n n+l 1 1 1

K(n+1:1) ¥ C_2: (C_2+ C3 )+ C_2 - (n+ 1)(C_2+ C_3)7

Koty G (C_2+ 3 )_C_3: n(C_2+ a)

Then we have

1 1 1 1 1 1
B AL r K R
_GCa G G/ Gy MG Gy (41—t —
Cini2:2my 1 1 C31  Cy
_+_
(&+e)
2 1 2 1. 2Qn+1) n n+l
=n+D|l=—+=—)+nl=—+—=—)=—+—+ .
(n )(cl cg) ”(cl C2) i G G

Meanwhile,

(n+2:2") =22 2" 42— 1272 1 2" 42"
= [2n+2 . 2n+1 +2n_ 1][4 : 3] — 2[2n+2 . 32n_ 1]

Here we have

[27+2.3.2" — 1] =[2"* 3. 2n 420t 3.2
=23 o431 = 27 32 o)+ 2,

which implies that {[2”+2 :3-2" — 1]}001 is an arithmetic sequence with the initial term [23:
n=
3.2—1]=[8:5] =3 and common difference 2. Hence we have

[272:3.2"—1]=3+(n—-1)2=2n+1.
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Therefore we have
(n+2:2"1=22n+1),
(n+2:2", =22 2"~ 1][2"*2: 2" = [2": 2"~ 1] =n,
(l’l+2 . 21’!)3 — [2n+2 . 2n+1 _ (2}1 _ 1)][2n+2 . 2n+1 _ 211]
=272 2+ 122" = 2 2"+ ] =+ 1

Hence, also in this case,

1 n+2:2" m+2:2"), (n+2:2")s
= + + .
Cinro:om) C ) C3

From the above mentioned, all the radii of the m" tangent circles (1 < m < 2") from a; with rank
n+2inC 1s

1 n+2:m); (n+2:m); Mm+2:m);
= + + )

— (4:38)
C(n+2:m) Cl Cz C 3

To complete the proof of Theorem 4.4, we must prove that all the radii of the m" tangent circles
(2" +1 <m < 2™") from a; with rank n+2 in C; are also expressed by (4:38). Although it can be
proved in the same way as in the case 1 <m < 2", we will prove it by using the result in the case
1<m<2".

Fig 4-7 Fig 4-8

In Figure 4-7, let C(,4+2.,) be the radius of the m'h tangent circle 2" +1 <m < 21y from a;

with rank n+2 in C;. We symmetrically move Figure 4-7 with respect to the real axis to obtain
Figure 4-8. Then, C(42:m) is the (271 —m+ 1) tangent circle (1 <2"*! —m+1 < 2") from a, with
rank n+2 in C;. Hence, by replacing C3 with C», and C;, with C3 in (4:38), we have

1 n+2:2" —m+ D) n+2:2" —m+1)y n4+2:2" —m+1)3

= + +
Cins2:m) Ci Cs C»
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In this identity,

[2n+2 . 2n+l +2n+1 _m][2n+2 . 2n+1 +2n+1 —m+1]

[2n+2 . 2n+2 _ m] [2n+2 . 2n+2 _ (m _ 1)]

=272 2 e [27 2 2 s (- D] = (n+ 2 m)y,

n+2: 2" —m+ 1), = 272 2 22 2 — (= 1) = (n+2 : m)3,

(n+2 . 2n+1 —m+ 1)3 — [2n+2 . 2n+l _ (2n+1 _m)][2n+2 . 2n+1 _(2n+1 —m+ 1)]
[

22 2™ m=1]= (n+2: m)s.

Therefore,
1 n+2:2" —m+ 1) n+2:2" —m+1);  n+2:2" —m+1)3
Cni2:m) - C " C3 " C>
n+2:m)y; m+2:m)y (m+2:m);
= c + G + i .
Now, we have completed the proof of Theorem 4.4. O

Corollary 4.5. For (n:m);,(n:m), and (n:m)3(m = 1,2,---,2"") in Definition 4.3,
m 2 1

— =1 .
343 nLnt}or; m-my+m:m)y+(:ms

(4:39)
Proof. Under the setting in Theorem 4.4, let Aajasaz be a regular triangle. Then since Cy = C, =
Cs= V3, we have

27[ 2n71 2”71 2'\/5
R 2Cnmy = i '

Hence we have the result. O

One of the referees pointed out that Corollary 4.5 may have relationship with the results in
[1, 3]. We would like to study this problem for future research.
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