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Abstrud. GaussIan compositio:n of binary quad:ratic for:ms 18 recalled 

in some convenieni forms and the composition of iniegral quadratic forms is 

gen目乱l.izedInthを caseof congruence dasses， 

Introduction 

In [3町]， Ga剖剖t出;
t吐ha剖t copmpοSitiOIn l1ι induce出$乱 g宜ou碍psirudl祖1I町e t仕h問巴 un叫amodularequivalence 

of quadr副;iefonns. It Is 'well-known now that内 thereis an isomorphism 
between the group of the unimodular equivalence class出 of屯uadra吋cforms and 

the group of the absolute ideal dasscs of a屯uadraticfield. 

The purpose of the present pap位 isto reformulate Gaussian compositi.on 
in some convenient forms and to gene主alizethe a.bove isomorphism to the case 

of congruence class groups. 

At五団 inSection 1， we recall thecomposition In [3] and reforrm山 tethem 
in some convenieni fonns. In Sedion 2， we shall show a duplic;:dion formula 
by dired calculaiion impliedfrom the Gaussian compostio双i:reated Section 

1， which has been implied from a syzygy in our previous pape:r [2]. Its temary 
form representation will be shown in Sedion 3. 

1n Sεdion 4 we have a correspondel1ce between equivalence cIasses of 
q肌 draticforms modulo the congruence subgro即日(吋 andcongruさE問 ideal
classes mod m， and in Sedion 5 an isomorphism between thern as groups by 
means concordant forms in [1， Chap. 14]. Its ternary form represeniation 
rnod mεxplicit forms w出 begiven in Section 6. 

31. Gaussian cornposition of quadratic forms 

Let R be an integral dornain. -vVe denote by / = [α?る，c] a bina:ry q四 d:ratic
|α る12I 

form f(川)ニ aa2+何十 cy2over R， and set [f]こ Ib/2 V~ ""1， t凶お

f(μ沼? ν叫)ニ [伊お ? ジ剖叫][げfJドt[い沼，y討].
We recall the Gaussian composition in [3] arrangi時 bymeans of matrices 

1et 11 = [α1， j b1， cd and 12= [α2" bz， c:J} be two binary quadra.tic fo口I此羽7ぞcalla 
binary quadratic forrn F = [A， B， C] a GαUSiHαn composition of 11 and .12， when 
there are square matrices P and Q of degree 2 such that 

X = [Zl> Yl] P t [a21 y:d， Yニ[2:1，Yl] Q t[a2! Y2] 
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μ 品一 {qlq21 
可=I d;. "' = ~ = ，，~ I ! i8 ca盟ecla 

lq2q3j 

細 dQ3orby iF1，F22PL9338jamd 
Th.全 hiiowingpωpositiO21ig imPEedbm i32 

and some leUexs⑨ 

r 

Ilnd 

1.1.( 1 A及T. 、J' 

q空

PS qz 

Pl = 
;'P:l 

(1-2 空語

::12G12l 

P:'J ! 1， Pl 
E1 ! '!'1 = 
qJl. 立2! I ql qs 

l lF2 E32 ，F:a = 
I ICJIl q2 ! l C{:l 

r A = -!QI! B = IP11 + 1， 
i hlE119 hziF11-1Fzi? 
、hziEdE hz!刊十 I 1， 

Q'2 

= -IPL 
C1 =! 1， 
CjJ = IG:d， 

~ IF= BIG]。

composition 

useof Jllatrices 

F is 11 co測 o:f and f2 by e111d that we 

JJ'(X! dl1 dl2) 1 

lJ11flg23U2!? コ [a1!Yl1 t[お2，

discriminan ts and F are 

This i8 ve:ri畳 calc1ll1叫 when
fmmd ii by 品川lyzingthe condition to (1 ) v吋1
converse st拘a机，t仇en恐me回叩nt心 ο倒:51抗ti恥む恐 L1a蹴s:follows by modifying Ga削ussl冶srn合叫 αd.
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PJ司LOPOSITEmLS{{39
alld P ::=: .8， be q溜adr品ti.:
15 a 削 551削zc'ompositioJl. of !1 
th叫 th.ey抽出命 8..Ild(1 
determ.i:ned by P出 Qal!d 
of th.e co也知

235])ω 
of same 

byhJ29p;FF3jarid lE12q23qL守::J]I 
T.hell t1le coei置C1θl~ts of h 1 F' fj，l:e 

(L2) .3) ex叩ttri吋時ず'::of 
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(107) :;h YiJ) = [pt[忽 ~j 拘!?Qthhudト

Themlx?YJz lif(お:h駒)Mld fOlr values of指針7121 we 

(1.8) [alj YUi112(おれ制[F] 3叙1]

= [a1.1拶J
This 

M'雪(怨 ~hY2) f Af:2(犯l!'Y2)ロ Y2 

and by iaJdng ihei:r determ.inarrts， lIve hav~~ 

、、M開
wmMr

叩
M
4
1
よ

4
E
A
 

r
f
刷、
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私:nd(1.10) tl凶

出品(l，器=P¥，f2(1， 0)12 = IE212， 

Now it iollows from 

、、nugJ
勺
血
州自』1ム，

s
-
E
U
K
 

c; = 12(0，1)2 = 1M'::! 1 ロ IG2ril，
15 further easy to sεe dired calculatlon that 

IM2(1，l)1 = IE;，I + IF21十 IF11+ IG21， 

1.i';[2(l， -1)1 = IE21-IFll-I1i¥1 + IG21の

Thus (1.10) implies (向十九十C2r1i= IE21 + IF21 IF11 + IG::d， (α"2 -b2十C2 := 
IE:l/ -IF21-IF11 + 1021， and hence 

(1.1 = (IFtl + IF21)2. 
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the same way as above， let 

M1(お1，YI) = [[Zl Q]. 

Then 

怨11 ) t [沼2!抑1= ，yd! 

(1.16) (忽1，yd[F] i 1111 (忽llyd= h作11yd[hL 

1 Y:d 12 = ( a 11 Yl . 

we have 

司

l-

寸
目
ム
，，姐祖、、 = 11(11 = 11~1(1 ， 0)12 = IE11'l， 

(L1 dz  f1(831)2z ji的(仏 l)i~ = IG112， 

and iudher 

l1!tl1(11 1)1 = IElトi.， I則一回1+1 1， 

- I = I I ~ IFtl + Iぬいト

b~ = (1 I -I F21 r~ . 
Now) we le:ft hand side o:f (lA) 15 u.nique 1/'21 and 

~ee this， it is enough to :show tha.t [X:l1 XY1 y2] gIves three independent 
vectors su:itable values 諮11滋2，Yl1 1121 and is seen because 
ln五nitelymany possibities 01 the values oi each ぉ1お21Yl， Y'2・Thus，i1 the 
coe:ffici側 ts0111 satisfy (1.3)， then the coef琵cientsof F n側 sta1:50 satisfy 
(1 図 This18主ea1y possible cas日 byProposition 1.1， and the f，品'01日lowin
O叫tl悶 casesare trivially F = (-fd( -12)，伴)(-F) = (-fd )， 
、(-F) = ft ( - ). There i5 no other case thal1 th.e 問 ID = 
B'2_ 口 bi-4α内 byaS5umptlon the propo副し Hence

the signs UlJ C1 must be sult by 4Ul C1 = (1 F1ト IFzlfl- D， and t.he 
U2， j C2 by <1α2，C7; = ( 1+ IF21)2 ~ D. The case ch叩説明Slgn 01向 D1

o:r 15 neve:r Becausej if it happenj say the case -b1l it is easy 

for instance replaci:ng -Yl i及steado{ Yl 日間 that(1.1 holds if the sign of 
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P2 a 吋 p i &悶recha時町附a紅:時E
side a叫，5乱叫lr町eadyse問er忍tabove 司

Remark 1 . We denne sJ (U) ior a quadratic form f [a， b， c] and a 
i'Uτ U'l' I 

S弓uarematrL'C U，-I ~必 I by 
! U3 U4 I 

sj(U) = 2αUIU2十.b(UIU'4 +切2包3)十 2c切仰4.

Then 

、‘首，
j

守
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L
州

n
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d
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n
E也
、

tu r. ~_ b/21 u = I ~町川) β! (U)/~ 1 
t "6/2 c J V -- ll3J (U) /2 fCUj;， 11，'1) J 1 

and the :f;品伽b町凶E口E削τ

for 臨 [9司co吋incid令惜swith sF(Fd + sF(F，，) = 2b1b:1l which is followed i，om (L4) 
hy dired calculation. 

Gauss has given a meihod to obtain a composition of giv田1quadratic forms 

11 and f'Z as follows。

PROPOSITION 1.24 [3， ART. 236]. Let h = [all b11 (:1]， h = 1 b21 be 
p:rimitive qu制 forffiSof same disCIiminant. 8et 

8 α1 ajJ 

b1 - b" 
-a'J 。一一 C:l) 

S=I 2 
b1 - b2 

-a:li 一 。 Cl 
2 

b1十b2
O 

2 
ー-C2 一向C1

Clwose elements ['1"]， [q]， [s] and LP] I11 R'l制 follows:

S t ['1']チ 0， S t ['1'] [q]， 

[81 t [q] = 1， t[PJ = st[s]. 

Let mat:rices P， Q， P1 amd Q1 be t1-i.e same as i況 Proposition，1.1 the 
componens o.f LP] and [q]. Let furthe:r A， B I C a.nd F = [A， B! C] be a1so as in 
Proposition 1.1 . 
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X = [a1!門 t Y z lg1JllQtH2? 

Pl = t PU"， 
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?官1lt 1 t UJ1t[包:?， 11 Pl e 2 j 
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Proof. We can recall Gauss's proof as follows. For instance， (l，l)-entry of 
E1(P， Q)T is equal toαP1十sql= [λ] t[R， Q]P1 + [λ]'[P， R]q1 = [λ] t([Rpl' Q] -
[Rq!，P]) 
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~2. Duplication 

Suppose that P2 = p~ and q2 q~ in Proposition 1.1. Then E1 E2' 
G1 = G2 and IF21 = O. Thus we have the following proposition of duplication. 

PROPOSITION 2.1. Let 
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and 
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Remark Denoteα [a3! 2a2' 11'1] forα= [al!α2ja~J Thenα 八β:
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1¥ α八

have furthelr 
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Fo:r 8.ny l = b， C]， 
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In 
、
丸
山
由

3
2

事，e国札也
、
司
h
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M
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刊
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仰
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仙

q
N
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山町。

包

私
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1
1
1
1
1
L

U
 

吋

V
7
1
0
 
U
 
α
 
u
 

au' 

!説; 1 
U1 = !-'Iι;!U4 2包2包3-ト 1
L 'ui -2包1町 吋 j

Then 在 iU1宝(α t
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COI'I'espondence between quad.ratic forras細 ulideals rnod m 

z q(JE〉be&吐恥ld，悶edisas吐uarefree raHonal integer， 
and D be the 悶 tof K. We call a :rational inieger D a diM::rinunani 

when D 15 a discrIlninard of some 吐lladr叫IC最eld，namely D s剖18畳間
eiH問。工関心fthe I刊 owingcOlldition諒 lS問問主ef.ree and D 芸 1rnod 4， 
= 40:， d Is a s司uarefree and d ::f-1 mod 4. 
D合not号 byN ih合absoluieno:rm to ihe rauonal nnml予erneld . Let 

れれどD 1十-JJ

-1乎ふ
when d = 1. 4， 

d 話1 :mod4 

Then {1， ω } f，晶ο叩:口E目肌I~
色企仇叫u札1ide佃倒a叫JοfK芯。悶twe can {'I'a， 'J'(る 十 ω)} as a 盛田basi話。fα ， 
wher.e l'を Qia，b E Z; and l' > O，a > O. We denote by'~ = 1'[a，h+ω]， and 
basis i5 called a canonical ba3is of a. is uniqnly determined by 叫 and
called tlrte 'reduced ca:nonical basis ! when 0 :S; bく仏 Anintegral ideal Ct 15 called 
primiti1JC " = 1. 
Denote by so iollowing sngJ 

-
k
f
l
J
 

叩
山

F

ピ
制
叫

1
I
1
1
2
。J

泌

す

よ

唱
止
内
り

「
BEtsaj竃
h
u
H
M
h

r
h
M
H
J
、目号、一一

向
UA
 

any ra品onaliraeger m， d倒川eby ro(畑)the follo叩 1 SE;J(Z): 

九州=([::15山)j a = 1， c == 0 r…) 
a 開 ryq悩むaticfm:m f収Iy) a.nd a square matrIx U of degree 2 1 the 

forrn /U is de:fined by fU (お，y)= f([怨 1y] tU) = [ぉ，討tU[fJUt[a，lrlas in (L25)， 
we havとeasilythe foHowing 

I U1 'Il?! 
LEMMA 4.1. Let U = I ~L ~~ i be an inte.llra1 matrix. Then 

! 'Il::s包41

l' (1，0) = f( 'Il1! 'Il3)， IU(O，l) = f(怒れ包

Ifg・c.d(包b~叫= 11 then t1附 eis U in SL2(思)such th.at f(町?町)=
g.c.d (U211t4) = 1， th印 the:re1S in SL2;(Z) such t1凶 f('Il21官4.4)= 

1，0). 
0，1). 

For rational binary quadratic forms 11 and 12， de五ne

( 4.2) 11三 1'2 modro(m) or rnodム。
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むが在r仲 orby U E Lio 勾Hvely.

D be a 吃ge:i:，:B1ndm any -':vVe 

pr阿n叩 t位出n可月i担到蕊叫l凶巾teg肝伊宜悶8副tlb悩11戸附Yql胤d白E回閲問附Ð"叫叫~叫3ιti記c~品⑪悶E口IJ正:悶 οぱf付d品18問悶c口E吋m斑正血乱蹴削I恥削l

caH lts 位側.sSBkI混1e吋f伊秘耐{向郡棚a叫le側飢c印信 向αs削S '1削ぬ ql租1渦adむra叫9北 f品b町E肌罫 む d副l日l1S侃C主riminantD⑨ 
伽 ct叫t吋心叫叩111叫君

pn凶 t吋刊e札 伊付吋巾[a料αLjb 十ω ]い15a can ο 叫 basIs α ? 

we denltle nUJ1pplllgs ，~島 al1ld 極' ideals 

bill:e，IY 

:dαj 

_1-
日 ?[aJJJ!?

乱sd塁 1!ifwd 4 ()I not! 

ξL 

九

/ 

。f曹 1:5乱

Llo 

三自

an 

可Ne

01H":品1i1ot1Aerby ~ a;日d骨 j辺γεrsely，

(m  U司令

b' +/D 1 ' !子1171弘一一一一 =α，b 十四 or :::: I a， b十 ! 

or not. 引笹川)= b 

~ = 1， as a:一

Comrersely let f [rLj bj c] -4αCo '¥flyve 

号~ as 

世

xs 

4 

町

民一一一-jz hJ1+ωL where = (b- or ヱニ as D 三 1

4 or ]1ot" 争(叫 =[αjc]こいEb，c!。
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PROPOSITION 4.7.Let a1，α2 be primitive ideals of a qnadratic五eldK = 
Q( v'd)， and let [α1!b1 +ω] ， [α2， b2十 ω]be their canonical basis respectively. 
Snppose α1 =λα2 by λ=  (1' + m(8 + tω))/叫 where1'， 8， t， w εZ， Nλ> 0 

and g.c.d.(叫 m)= 1. Then there is U = I包1 包2I E SL2(Z) snch that 1''U1三
i包3 'U4 I 

w， 'Ua三 omod m and 

[α1，b1 +ω]U =入[α2，b2+ω]. 

d-1 
Proof. Let A1 = 8 - b2t， A2 =α2t ， A3 = (一τ -b2)t or = b2t， and 

A4 = 8 + t + b2t or = 8 + b2t according as d = 1 mod 4 or not. Then since 
d-1 

ω2ω 十一τor= d according as d = 1 mod 4 or not ， we have叫 [α2，b2+ 
11' +mA1 mAa 

ω] = [α山 +ω]V， where V = l' ~A;~L l' ~~~Å.41 ・ On the 0恥

α向1=入α匂2andNλ> 0， there is U in SL2(Z) such that λ[α2，b2+ω] = [α1，b1+ω]U. 

e [α2b21V 切= hlu，wh山尚o 11' -10 1 

U-1 = 切[~ ~ 1 

Let U = 1 ~1 ~2 1. Then mA内一 (1'+mA4)包a 0 and -mA2包2+(1'+
1.品3 叫 41

mA4)包1ωHencewe have 'Ua三 0，1''U1 三 ωmodm， which proves the 
proposition. 

De五ne6'K(m) by 

(4.9) 6'K(m) = {(λ) ;λεK〉〈 ;λ 三 1 modxm， Nλ> O}. 

THEOREM 4.10. Let K = Q(ゾ万)be a qnadraticたldof discriminant D 
and m be any rational integer. Then the ideal c1asses mod 6k-( m) of K and 
the equivalence classes mod ro(m) of primitive binary quadraticゐrIDsf(z， y) 
of discriminant D snch that 1(1，0) is prime to m correspond by吾 and曽 one
another inversely. 

Proof. In the same way as the case of m = 1， we can prove the theorem as 
follows. 

(i) Let a1 and α2 be primitive ideals of K prime to m， and suppose that 
h 三 α2mod 6k-(m). Let a1 = (λ)向， where入モ 6k-(m). Let [α1，b1 +ω1 and 
[α2， b2 +ω] be canonical basis of α1 and α2 respectively. Then by Proposition 
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73tt問 ei5 (悶)
(4.3) impliy 

母( ) =土闘い1:l't十世1十 ω凶=-=-N([α11 b1十 ω]t [怨sy])
1 

a.1α1  

[い邸向1! + ω叶]U= λ [a也向~Ì!

) b]十ωluhi)=tN(恥いω]t[a，y])

Nλ 
= ~a2~(α2) =壷(a~) 吋。
al 

COllversely let fl1 be primitive qu.adratic lorms of D 1 
uで 11，吻 1( u ι 道 IE 曹U!I口町立
i符1，U事 U4I 

[必11 十 ωL到/t;)=町 =[α':&jb'2十 ωeXpreS1'l10nof canonical 
(4.4)， Proposition 4.6 

')宗管官 Z1

a + z lN引いけ
叫~.1

U !lA:cessary， 'l!ve 

m.od② 

帆
料

。

1

ぃ

u

a

p

 

naub n
 

官

ι't 
qM 

P
A
U
 a
 

([川ltEF)zLPT((α:l!
U:，! 

十 ω]Ut 

z 土
α2 

十ωL叫2α2+悩 t [抗).

Now σ <1，1巾 K/Q.Thεn hy (4.1 the IOots of 
b1 十 ω b1 ート ω『

!町一一一=-and一一一一。白肌pai叫 with件。!日18an 剖 d
Ul al 

)¥ such th叫

3。)
ω)= α1 

電品j)a2十 →司 ω)λ or }入。

the laHer Because 

implies 
1 Nλ 

(a，y)。= -=-N(αl).Z十 ぉート(b1<十J = -~-al 
α2 α2 α2 

Hence 

Nλz α2> O. 
α1 
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th吃}山ldjth.e secol1.d case (4.1 implies 

?Jニlj作 lf 明

日

ゐ

匂

ム

α
α
 

E
八同一一

E

A

g

 

、RU
E
J

、RA
、

σ

、1
1

ω
ω
 

2
ト
8

1

r唱ム
v
b
 

m
g
u

日明、、

る1十ωj

b1十"，/'I 

by 01.1 > 0 a吋 lil)> OjWe Nλ く 0，'which COI巾 adidto (4. 
Now let λ= (3付吋 1wl，はe'1') 8， tそZand 判$，吋口 1.Then the長rst

of (4.1~~) im.pliesα:2 == f/'lfJ iT'jα 雲 O'mod m. Hell.ce t言。 mod机 Mo:reover
(4.14) implies向口町 λ芸品1 mod肌 Hence82呈 '1'S :mod m. Th悶 S:=l'

λ三 1m.od肌 and('1.13) implies [α2， b:1; +ω = ，¥[11.11 h +ω]. 
(":L14) 1 1i'i!e havεα2去仏政

conJlpositiou of qu.ad:ratic fm.'IUS rnod .m 

忠告 let'm. an int味合[ th.ai. m == 0 mod ，1 when m eyeIl.. 
Fo:r 乱 叫 q 悶 d.ratic j y) ヱ α 十 bay 十 cy2 and a s叫ql悶 r閃eIrl.a叫叫tれl江

U:[じ;;::;:!ト?吋
Le令剖tK = 均削(丸ゾ万 b恥e乱 q伊u山d.ra叫.ticf昔l.el討d d剖悶CIlI杭巾1

that thほecone印spo工nc正de剖1孤.lC母 彊畳う 曹 in Sedion 2 an isomo:rphism 

between dass group of ideals Jluod 倍以](and the e叫叫q伊1

抗mω肌od1口.(いηm吋 ofb脳i現附a削ax♂ryql凶 d主悶捌a剖{;おor叩正皿凪Sof discrimi問。l1t we sha.ll refer 乱
p a r t o f i 1 3 C }h1悶叫ap引1附 1同4:]阻 ο d心i射n噌gby rr 
1et us call an inte悪叫屯四draticfo:rm 詑，1/)rep1'ese沌i9<1，)[1 h巾 geril 
ro{m) when H間企 18<1，皿副社x[l ro s吋 ithat $ = ，fU (1， . This 

i5 eqllivalen~ that are ]:剖ionalintegers a 1 y such that 2e 三三 1 mod rri， 
g.c.d.(~c) = 1， ß吋札制~iJ'l= 8. 

LEMMA ，5.1 [1， C瓦A:I'.14，L別IIiMA2.1ト Letfロ
fonn let 1¥11 be any pl'ime to m. Tl1行'nt.h.ere 

which rep.rese.1[ded by l mod ro{m)。

b) c] be a J:JiJ:i.mitivモ
an int行gεr to 

Proof. This ls shown in the same way as in by taking 

お三 1mod m and g.c.d.(忽?叫=1 instead of 1 y). Namε1y 
.lkιvVe consider tlue合 cases

p .tα. if p'rぉandp I y the:n f(a，刑事1)is primeto p. 
p十c.Similar. 

(iii) p I a， p I c， 30 P十ιThenp f a，p十ye悶

，my) s恥 hthat 
p be a pr:ime 

p. 

LEMMA 5.2 [1， .1 LEMMA 2.2]. 
with the san日 middlecoef琵cient 1 b， 

Suppose th.at two pl'imitive forms 

and [αZ，b，C2l are: eql前alell
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ro(m). Let 1 be an integer such tbat 1 I c1l 1 I C2 and g.c.d.(α11α2，1) = 1. 
Tben [la1， b， 1-1 C1] and [1α2， b， 1-lC2] are equivalent mod rO(m). 

This is proved in the same way舗 in[1] taking t divisible by m. 

Two primitive forms 

ゐ=[αj，ち， Cj] (j = 1，2) 

of discriminant D are called concordaηt or united if (i)α1句手 0，(u) the two 
middle coe罰cientsare the same， say b1 = b2 = b and (iu) the form 

( 5.3) 13 = [α1α2， b， *] 

of discriminant D is integral. Then 13 is necessarily primitive. Moreover fg 
coincides with a Gaussian composition of !t and 12， which will be shown later 
in Proposition 3.10. 

Let us call the above 13 the concordant composition of !t and12・

Remark 5.4. When gιd.(α1，α2) = 1， the condition (出)follows from (i) 
and (誌)([1，Cha子14，Note before Lemma 2.3])， and we have曹(/t}曹(12)=曹(/3)
since [α1Ib+ω][α2，b+ω] = [α1α2，b+ω] when g.c.d.(α11 a2) = 1. 

Rema紅，♂止E

integer m we have 

[α11 b1l C1]三 [α1，b， c] modro(m). 

In fad， let U = 1 ~ ~ 1， where b = b1 + 2α1t. Then ， ---- 1 0 1 1' 

『
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E
E
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E
L
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az

・

LEMMA 5.6 [1， CHAP.14， LEMMA 2.3]. Let C1， C2 be two c1asses 
mod ro(m) of primitive forms of discriminant D 手O. Tben tbere are con-
cordant formsゐ=[αj，b， *] E Cj (j = 1，2). Furtber， tbey may be cbosen so 
tbat α1，α2 are prime to one anotber and to any integer M given in advance. 

Proof. This is proved by slight modi五cationof the proof of [1] as follows. 

By Lemma 5.1 ， the class C1 represents some integerα1 prime to M and C2 
represents some integerα2 prime toα1 M. Hence there are forms 

[αj，bj，*]ECj (j = 1，2). 
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b he a説. S'il¥:Im ih私t

る語 bj 政wd (j z l?2)3 

eXiS&ellCe :foUows :丘omρt(J!，1 l<tnd 122 are 日 toone .another and 

! 1 t.! bj 呈 D 幻叫

Rema:rk: 札redete:rmined by 

7p 

r
t
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i
H
i
H
L
 

江川。

Now jb， 1 is to he req山吋.

LEMMA637{13C蕊AP" L!IMMA， 2 L叫 C
'o1
C" t附 d加 ses

品叩dTG(河内 。fp:rimiii"'!i'("; forITls of dis吋minantD チ The.n tll.e.re i5 [1， cJass 
G such ilutz， 地econco:rda.nJ ccunposi伽 11。ffj5Cj(jz L2)lajjw&vs bs inむ。
Tllis is tl国 san:日 wa，yas taking the equI判的問問d

I'o I<or tl'le eq 

we can de:line a produd of hvo dassむs:raodγ此 oi

concordallt composition of representatives of 

吐leOlLe:ruis implied :&0][11 Theorem 4.1.0側、dRemark 

. Lelt.l(;= 刷、/草)恥 a quad:ratic 蕗帥正dofd仇iおS附C口凶ωz出出i心.u叩¥喰唄Iη1
t藩Ta細句nηd~曹Il" g.訴:ゴiγ附怨 &制釧y見 1お5印£οHllOI'中plaおsmη1b恥Fぽeωtれ守耳lV，θ悦e1f脱1Hw g.肝'rm双zpο:fi討de倒a1 οf 

，mod倍以7吋andο叩 Oぱ<fe♂叩2
1長I()げJ:Jl加ns0吋f葡d副舵C1"11皿Z百11印I訓'18.叫'，}訓I羽叫1付t 

forms 

The foHowing 

170r乱

'W，合 C乱阻 aform h 払

C7川7
f~汀UlTl 1 

札nd

肌 l，denoteby 隅 thed制おoff rnod 
of hliO pnmiH開 fOEmsjk and hmod問、 when

words1 ihere蹴 e i:: ro{m) (i = 1，2， such 
f;FZisacom3Ed&Ri compositio政 offY1 

OSITION 5.9の Let = 1 b11 Cl] and h = [a2' be two prin:か

t，! ve fo:rInS of d恥 l1.m血antD. S叩'poset1le，lt g.c.d.(α1，α君)= 1， a1l.d let Ub匁'}， E Z 
suc.h that 0，11i]十 0，2U2 = 1. Let b = 0，1 十 a2包2ε =(b2 -D)/(4αlα2) and 
=[αla:h b， e]. T.I!en 1.5 a composition el.n.d f'}， mod悦 anyinteger 

肌 =(b2 -b1)Ul t2 = -/)2)町 .Thel1 b = + 2αlt1 = b'2十 2a2l2。

Proof. It i8合asyto s色合 b = 01十2α =b，，+ 一一V 

1
a
s
i
l
l
i
d
 

1
1
L
 

4

b

i

i

 

T
I
A
U
 

r
l
i
A
i
L
 

一一院
A
z
o
 e
 

y心

[~ 1] ， A and l2 f VJI • Then the forms A lz are 
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concordant iorms with the middle coeficient b， and we have the proposition by 
definition oi concordant composition. 

PROPOSITION 5.10. Let ft =α1， b， C1] and /2 α2， b， C2] be concor-
dant primitive forms of discriminant D such that g.c.d.(α11α2) = 1. Let fa = 
[α1a2， b， *] be the the concordant composition of 11 and 12・Take包1，包2E Z So 
that α1U1 +α2包2= 1， and let W = C1包2+ C2包1. Then fa coincides with the 
Gaussian composition obtained from凶=[1，0，0，一叫 and[q] = [0， a1，α2，司.

Proof. In orderto obtain the Gaussian composition， we apply Proposition 
1.24. Since b1 =ゐ=b in the present case， the matrix S in Proposition 1.24 is 
as iollows. 

r 0α1α2  b 1 
S= I一α1 0 0 C2 I 
1-α2 0 0 C1 1 
L -b -C2 -C1 0 J 

Let [1'] = [-1，0，0，0]. Then since St[1'] t[0，a1，α2， b] ， we can take [q] 
[0，a1，a2，b] and [8] = [0，町，町，0]in Proposition 1.24. Moreover since St[8] 
t [α1町+α2包2，0，0-C2町一C1包2]'we have [P] = [1，0，0，一切]，A= -IQI =α1α2，B = 
IP11 + IQ11 = b， and C =一IPI=切.Hence Proposition 1.24 implies 13 
[A， B， C]， the Gaussian composition oi ft and /2 obtained from [P] and [q]. 

A Gaussian composition obtained in Proposition 1.1 is a representative oi 
the composition oi the unimodular equivalence class but not necesarily oi the 
class mod m in the case m > 1. Now by Proposition 1.26， the prooi oi Propo-
sition 5.9 and Proposition 5.10， we have a Gaussian composition oi equivalence 
classes mod m as iollows. 

THEOREM 5.11. Let ft = [α1Ib1，C1] and /2 = [α2， b2， C2] be two primitive 
forms of discriminant D such that g.c.d.(α11α2) = 1. Take U1I U2 E Z so that 

h包1+α2包2= 1， and let t1 = (b2-bd町/2，t2 = (b1-b2)包2/2and切=C1匂 +C2包1・
Let further 

九=[;?l，
pztrl;二lr，

九=l;?j，
QJrl:21η1 

and F be the Gaussian composition of ft and /2 by P and Q. Then F is a 
concordant composition，and hence a composition mod m for any m: 

Cm(F) = Cm(fdCm(/2). 

Moreover， let P1 and Q1 be obtained from P and Q as in Proposition 1.1. Then 
F is given by F = [A， B， C]， where A = -IQI =α1句， B = IP11 + IQ11， and 
C = -IPI =肌



。1

GaL1古sianCornpositiun of Congfu日nceClass己S 21 

判日llpli r.~atiû凪 nlod rn 

a gJI.Ve，ll fonn f α) ，h， c.]。

ca，sの rn> 1.. 

binary 

f ntod m， 
'nl， a fonn 

2，12 is ，a 

not 

." lO!Ill 

purpose 

a duplication of f mod m， 1t'le choose a 
巴日(叫 andg。ωα?町)::ょ L a 

111， 18 1[) i:rt a主 bydennition as a f and :h， 

I~E~in\1~A Let j ::コ [α，b， c] be 8~ ilud 

m)ニ 1οlt= j'U1 ロ [al? hy U1 

必1エzf(秘1， +仇lH/，

~~l sud& 

formul品 4.1immediately. 'VVe ean 

't/'l ins"tauce札8 ニニ 1 a政d

pnm色 divisors h羽 c

e，叩 α1， Hり ゐ山11'.).'......山ム』……u…'わ…、V川凶"A あð~~'~山…」山…一@山叫丸u川‘ Inp  .h， 
p i C引，p 'rタ ~<'llP 'r川町、 F十bowing to PEimitivity Hen吹き Pfα1・Ifp I 向?
p i 旬~ll P十m p十c.Hen.ce p十向。

制 abovea primitive form discnmina:nJ ，and 
g m) L !1 α11 パ11be a fonn obt.ain吋 asin f:i.3. 

rj 3εZ 80 削@十α18= 1，回ldlei 

b = u'I'b1十αlsb.

Lεt 

io = (b1 - I t1 = (b - /2， 
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(6.7) 
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and 

(6.8) ん=fvb，ji=fF=fU1n.

Then since b = b + 2ato = b1 + 2α1t1l the forms 10 and ft are concordant， i.e.， 
io = [α，b，eo] aポIt= [α11 b， e1]， where eo = (b2 - D)/仏 ε1= _(b2 - D)/4α1・
Let F = [αα11 b， e] be the concordant composition of 10 and ft， where e 
(1)2 -D)/4αα1・ThenF satis五es(6.1)， and we have 

THEOREM 6.9. Let 1 = [α， b， c] be an integral quadratic form of discrim-
inant D， and F = [αα1， b， e] be an integral quadratic form determined by the 
following data: 

α1=α吋+bm包1+ cm2， where包1is an integer such that町三 1modm 
and g.c.d.( U1! c) = 1. 

る=αrb1+α1sb， where b~ 三 Dmod4α1 ， αr+ α1S = 1 
e = (b2 - D)/(4αα1). 

Then F is a d叩 licationof 1 mod m， i.e.， C-m(F) = C-m(f)2. 
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