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Abstract. The relations betwe巴11Galois groups of central extensions and those of 

everywh巴relocally abelian centra! ext巴nsionsare stuc1ied 

Introd阻むtion

Let be a tower of Galois extensions of algebraic number fields of finite degree. 

Denote by Mo the maximal abelian extension OV巴rk contained in M. Let K*二 KMo，which 

is called the genus field for M/K/k. We call L a centrai extension of K/k in M when L is 

Galois extension over k contained in M and Gal(L/K) is contained in the center of Gal(L/ 

K). We call L an EL-abelian central extension of K/k in M when L is a central extension 

of K/k in M and each local completion of L is contained in the composite of the local 

completion of K and an abelian extension of the corresponding local completion of k. 

Denote by R resp. R or by resp. KM the maximal central extension resp. the 
maximal EL-abelian central extension of K/k in M. There are several papersl) concerning 

with Galois groups of R or K over k and over K*. However the relations between Galois 
groups of K and K are not written εxplicitly2l. So we shall treat it in the present paper 
(Theorem 6)ヲwhichis ratherεxpository. Especially the first half part is well-kno明'11，but 

we repeat it with some changes of arrangement for the sake of convεnience. 

1. Throughout this paper， we use the following notation for an algebraic number field F 

and Galois extension L/F. 

Fab Maximal abe1ian extension of F 

pl Maximal Galois extension which is exerywhere locally abelian 

F p Local completion of F at a prime p 

1) See for instance the refer日nc己atthe enc1 of this paper 
2) Cf. Heic1er [5] ，which partly concems with the relation 

9 -



10 Y oshiomi FURUTA 
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Idele group of F 

Multiplicative group of non-zero elements of F 

group of idelεs of F 

Idele c1ass proup of F 

Galois group of L/F 

coincides with the 

CF= 

Kernel of the norm residue map → 

Nonτ1 map of L to F 

Kernel of the norm residue map J Fー n that is the idele 

group to L class fiεld 

二 ldelec1ass group of F to L clz，ss field 

2. Kへf(and R as in wεadd the notation 
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Group of ideles {l of such that N KfI' {lニ l

Group 乳11ideles {llσ， where (lE.Jf( andσε G(K/k) 

of ideles a of λ. such that !ずに '1.ヲ αε lzX 

Let p be a of kand P a of K over p. 

We start our discussion from the case lVi二 Kab

PROPOS!TION 1. Let M = Kab. Theη 

日(K"/K)二 JK 二 1¥1山

(2) 日(立二JiDE

(3) =JKDK 

Proof. (1) and follow 

ニn

Irom class field TN e have also ♂K什

Hence3) H(立/K)二日玉川K吋立 =il 1 (l).D](" 
P 

ニG(Kp/kp). Then since H-l(G， .h)壬:"2H-1(Gp， Kp)， we have J;く TIl'叫んは)
F 

Put 

。Dk二 J;{. 

For a general case of M， H(M/K)ニK"N M，we have the fo11o司吋

PROPOSITION 2 

(1') H(K~/K) ェ JJ~ H(M/K) 

(2') 日(立川町ニ忌日

3) Cf. lVIasuda [8 J丘ndlVIiyakε[ 9 J 
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=J;; 

3. A commutative 

。 。 。

1M 

。→ KX → 一ータ 一→O

lλ 

o--~， Kλ 今 一一歩 C" 一〉。

↓ρ 

。 → J → →O 

、レ

。 。

implies the (非)of exact sequences of 

groups， where stands for H 

↓ 

.i;A ______ ，__， 
…→H-l(KX)ー→ー→ー→一一〉町

(再↓ x' !λ 

→H-l(l(X)~:一日 '(h) 仁川 fL mm-今日。(3K) → 

l ρ立

日

↓F 

hio(日瓦

↓ 

11 

4. Let ゆbea finite group andφbe a nonnal subgroup of @⑤ Let A b日a@-module and 

N fl be an of A defined ニ Eσ'a. Put 0ぷ二Kerト!の andlet自白bε
σE.¥) 

the homomorphism of A) to 乱 N争 inducεdfrom Dεnote by 1，¥¥ thε 

augmentation ideal of the group ring Z(i!). 

PROPOSITION 3 ( [3， Proposition 6J)， Notation as ωe have the exact sequence 

N品
目-l(争，→H-1(@，A) →H-l(匂/争， N0A) →O 
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PROPOSITION4i 4. Let M/K/k be a tower Galois extension with Galois group @ニ

争=G(fvl/K) and G = Then 

λ CM)=Defol_GH-l(@， 

ωhereλ is 圃nedηtheexact sequeηce(洋)in Section 3. 

By definition of Defトふ wehave 

Defoい CM);:;:Defo¥→G(0ぷCM)/I申CM)ニ

助ニベN，iCM)/I，ii尉CM=ν珂ぉ助， CM). 

:i N ow we can prove the theorem 2 and the exact sequence併)

of groups. 

THEOREM 5. Let fv'[/K/k beαtower Galois extensions 0/ with Galois 

grouρs @ = G(l¥1:/k) and G = The幻 wehave 

(4) 立* H-l(G， νH-1(G， C(NII/K)) 

CM) 

三日

(5) ;: n N Klk K)( . (γパ

竺 o"H-1(G， λ C(M/K)) 

三 δコ日

;: O"H-3(G， Def(li_ゅ Z)

(6) n H(M/K)) 

主 hl/u#H-l(G，

(4). The exact sequence (わ H-l(G， λ#H-1(G，C(M/K))竺Im

H 問。 H(M/K)!H(M/K)
Ker♂ ご日(K:1/K)/H(食M/K)主

J~ . 

On the other it follows from Proposition 3 and Proposition 4 that 

H-1(G， CK)/λ詳日一 C(M/K))ニ

H-l(G， CK)/λロ向=H-1(G， CK)/DefG司 GH-1(G，CM) 

4) Cf. Shi問 [15Jand Kuz'min [7， p. 1l52~ J 
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Prool 01 (5). We have H(K~/K)= {aεJK; NK，ka三日(M/k)=kXNM1dM}by translation 
theorem of class field theory. Hence Proposition 2 implies 

G(RM/K~;) 三 H(K;I/K)/JKH(MjK) 

~ NKlkH(K:l/K)jNKldi.(M/K) 

(kXNM1dM n NK1kh)/N町kK̂ . NM1dM 

三 (kX円NKlkh)/((kX n N Klkh)パl'hn，K". NM1dM) 
ニ (kX円・ (kXn NM1dM) 

It is well known that kX n N Kld K/N KlkKx二 Keri#ニ1m and also (kX n N MldM) . N KlkKx / 
N川 KXニ(kXハN川

Prool 01 (6). By Proposition 2， (2') and (3')， we have 

G(KM/立川 三 JK• K̂  . NMldM/J~ . KX . NM町，d

~ JKν叫/江JK日什(リJ~ . KX・NM1dM)

ニ JK /J~(J;(什 KX . 

主 (J;dJ~)/(J~ ・ nH(M/K))/泊

三 H-1(G，JK)/}(#H-1(G， H(M/K)). 

Remark. (i) The formula (4) of Theorem 5 is obtained5) immediately， if we use 

Hochschild-Serre exact sequence 

(ii) If M is sufficiently large， we have6) DO¥_GH-3(@， Z)二 O.Hence Theorem 5 implies 

G(KM/K~)三 H-3(G ， Z) and7) G(立M/K~)三 δ 先日-3(G ， Z)三(kXハトJKlkh)/N K1kKX， which is called 
number knot. 

THEOREM 6. We have the lollowiηg e叩 ctsequence. 

。一→ G(食M/立川 一→ G(食M/K~) 一→ G(立M/K~) →O 

¥ 11 ¥ 11 I11 

H-1(G， h) j* H-1(G， CK) o' J#H-1(G， CK) 
0--> )(nH-1(G， H(M/K)) ー→ λ世 l(G， C(M/K)) 少 がλ官 l(GフC(M/K)) 一一うHリ

111 111 

5) See H巴ider[4， S 2 J 
6) Se邑Heider[4， S 4 J ， Miyake [9 J呂ndYamashita [16J . 
7) See Masuda [8， Theorem 8 J and Heider [5， Satz 7 J . 
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H-l(G， 

Def品→cH-1(@，

¥11 

H-S(G， 
吋 GH-3(@，

StlE[-l(GフCl()

Def由~Gが日一 C1V1 )

l I1 

。#g-3(G，
Defa→Gd#H-3(臥 Z)

where j市 ando* are induced j# ando# isαs in (的 in3. 

The theorem follows immediately from Theorem 5 and the 

ities. 

j#H-1(G， .h}ηλ=Ker  o#什1mA存=λ

耳目 l(G， a日 Kefjft=Im i# ニ が。 ε
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