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Abstract Let G be a finitely generated Kleinian group. A property of the

residual limit set of G is found by using Maskit’s Combination Theorems.

1. Introduction.

In this note we shall deal with the separators and the residual limit sets of the first
kind of finitely generated Kleinian groups. We shall show that, if G is constructed from
its subgroups G., -+, G by a finite number of applications of Maskit’s Combination
Theorems, the set of separators for G is the union of translates under G of separators
for these groups (Theorem 1). Next we shall prove that the residual limit point of the
first kind of G is nested by a sequence of structure loops of G (Theorem 2).

The author is deeply grateful to Professor T. Akaza at Kanazawa University for
his kind discussion and patient encouragement and advice.

2. Preliminaries.

Let G be a Kleinian group and denote by Q(G) and A(G) the region of discontinuity
and the limit set of G, respectively. If G has at most two limit points, G is called
elementary. A non-elementary fintely generated Kleinian group is degenerate, if Q(G) is
connected and simply connected. A connected component of Q(G) is also called a
component of G. For each component A of G we denote by Ga the subgroup of G
which keeps A invariant and call G, the component subgroup of A. If a finitely
generated Kleinian group G has two components A, A" and G=G =Gy, G is called
quasi-Fuchsian. A web group is a finitely generated Kleinian group for which each
component subgroup is quasi-Fuchsian. Clearly quasi-Fuchsian groups are web groups.

Consider a sequence {C,| of Jordan curves on C and a point zeC. We say
that {C,| nests about z, if C,., separates z from C, for every number » and if the
sequence of spherical diameters of {C,| forms a null sequence. From now on, we
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assume that G is finitely generated. A Jordan curve C C A(G) is called a separator for
G if there is a component A of G and a component A, of Q(Ga)—A so that C=2aA,,
where we denote by 0A, the boundary of A,. The set of all separators for G is denoted
by S(G). It is well known that any two separators for G do not cross each other.
(See [1]). The residual limit set A(G) of G is the set A(G)— v, 0A;, where |A,} is the
set of all components of G. A point deAo(G) is said to be of the first kind (AeL (G)) if
there exists a sequence {C,| of separators for G so that {C,!| nests about A. Other-
wise, it is said to be of the second kind (AeL .(G)).

3. Maskit’s Combination Theorems.

Let G be a Kleinian group and let H be a subgroup of G. A set S on C is called
precisely invariant under H in G, if h(S)=S for every heH and g(5)nS= ¢ for every
geG-H. TFor a cyclic subgroup H of G, a precisely invariant disc B for H is the
interior of a closed topological disc B on C , where B— A(H) is precisely invariant under
H in G and B—A(H)C Q(G). We use Maskit’s Combination Theorems in the following
forms.

Combination Theorem I. Let G, and G, be two Kleinian groups and let B; (1 =1, 2)
be a precisely invariant disc for H, a finite cyclic or a parabolic cyclic subgroup of both
G, and G,. Assume that B, and B, have the common boundary y and B, ~nB,= ¢ Let
G be the group generated by G, and G,. Then the following hold:

(I-1) G is Kleinian.

(I-2) G is the free product of G, and G with the amalgamated subgroup H.
(I-3) QUG)/G=QGC)/G,—B,/H)U(UG.)/G.—B./H),

where (UG .)/G,—B, /H)N(QUG,)/G,—B,/H)= ynQ(H)/H.

Combination Theorem II. Let G, be a Kleinian group. For =1, 2, let B, be a
precisely invariant disc for a finite cyclic or a parabolic cyclic subgroup H;, and let y
be the boundary of B,. Assume that g(El)f\Ezz ¢ for all geG,. Let f be a Mobius
transformation satisfying f(n)=7%, f(B\)"B,= ¢ and f'H,f=H, and let G be the
group generated by G, and f. Then the following hold :

(II-1) G is Kleinian. |

(II-2) Every relation in G is a consequence of the relation in G, and the relation
f'H,f=H,.

(II-3) QG)/G=UG,)/G,—(B,/H,vB,/H,), where (n~QG))/H, is identified in
QG)/G with (. AUG))/ H,.

Let G be a Kleinian group which is constructed from G, -+, Gs and f,, -+, f: by a
finite number of applications of Maskit’s Combination Theorems [ and II. Put Apn(G)=
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AG)— uge(;zgf(uf:1 A(G ). Foreach point zeAy(G) there is a Jordan curve y which is
invariant under a finite cyclic or a parabolic cyclic subgroup H of G, and wihich lies,
except for the fixed point of H, in Q(G) so that {g.(y)}| nests about z for a suitable
sequence {g.! in G. (See [4] and [5] ). The loop y may be chosen so as to be the
boundary of a precisely invariant disc which appears in some step of the use of Maskit’s
Combination Theorems in constructing the group G. We call the Jordan curve y and
the translates of y under G the structure loops of G. It is known that any two structure
loops of G do not cross each other. (See [5] and [6] ).

4. The separators.

Lemma 1. Let G be a finitely generated Klginian group which is constructed from
G, and G, by application of Maskit’'s Combination Theorem I. Then S(G)= v .

Proof. Let {A,,, -, Aynl (resp. {As1,-+, Ayl ) be a complete list of non-con-
jugate components of G, (resp. G,), and set QG,)/G =S 1+-+S1,» (resp.UG,)/G.=
Sei4--+S2,). We may assume yC (A, uAy,)UA(H), where y is the common
boundary of precisely invariant discs B, and B, under H=G,"G,. (The set A(H) may
be empty). From (I—3) we may set Q(G)/G=S,+---+S,, where S,=(S,,,—B,/H) (S,
—B,/H) and {S,--, Syl = {Si12,, Siumy Sazy, Sont . Let 71 QG)—UG)/G be a
natural projection and set = '(S;)=u,A /;, where A {; is a connected component of G.

First we prove S(G)D v, g(S(G1)uS(G)). Since S(G) is invariant under G, it
suffices to show S(G)D>S(G,) for i=1, 2. We may assume 7=1. The property (I—3)
implies that for every A;, (2<v<m) there are A ;; (2<i<p) and geG so thatA; ,=g(A/;).
It means S(G) > S(G\) N g, 8(Ultz dA1,). Let C be any separator for G, in 9A,,..
Denote by G, (resp. G.,) the component subgroup of A, (resp. A,,) of G (resp. G,).
Since G| DG, we see A(G1)DA(G,.,), so A(G7)>C. Furthermore, if A. is a
component of G,,, which is bounded by C, we see Q(G;) DA.. It means S(G)2C, so
S(G)OS(G1) N Ugeg(dA:,). Thus we have S(G)>S(Gy). In the similar manner we
have S(G)C S(G»). \

Next we show S(G)cC Ugec€(S(G1)US(G)).  The property (I-3) shows that for
every A/; (2=i=p) there are a component A, (k=1 or 2 and v#1) of G, and geG so
that A {;=g(Ag,). Thus we see S(G)N(Uf_y U00)C Upug(S(G)US(G,)). Let C
be any separator for G in 9gA/,; and x be any point in A,;. We may set A, =A|,.
For every point z e C’ there is a path ¢ from x to z so that the number of the crossings
of ¢ and the translates of y under G is finite. It follows that z4Ay(G) and we have
g(C)C AMGr). Let A be a component of G which is bounded by C’. Then A /¢ QUG
It shows g(C")C S(G,) and so S(G)n ;00 ; C Uz £(S(G1)US(G2). Thus we have
S(G)C U 8(S(G1) US(G,)) and our lemma is established.
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Lemma 2. Let G be a finitely generated Kleinian group which is constructed from
G, and f by application of Maskit’s Combination Theorem II. Then S(G)= Uy
g (S(G)).

Proof. Let {Ai1,:, A,m! be a complete list of non-conjugate -components of G,
and set UG,)/G,=S,1++S, . We may assume »C A,y UA(H,). (The set A(H,)
may be empty). In general the set »—A(H,) is not necessarily contained in the
component which contains y —A(H,). But, whether y»—A(H,) and %»—A(H,) are
contained in the same component or not gives no essential effect in our discussion. So
we may assume % C A, WA(H2). From (II-3) and our assumption, we have Q(G)/G=S,
+---+8S,, where S,=S,, —(B,/H, UB:/H,) and {S,,, Syt = {S,2,-, Si..! . Let r:
QUG)—Q(G)/G be a natural projection and set 7z '(S;)= U,A [;, where A /; is a connected
component of G.

First we show S(G)D Ugcg(S(G))). It suffices to show S(G)>S(G)). In the
similar manner to the proof of Lemma 1, we see S(G) > S(G1) N U, g,&(Ut=z 001, ). Let
C be any separator for G, in 9A,,,. Denote by G7 (resp. G, ,) the component subgroup
of A{,(resp. A,,) of G (resp. G,). Since G; > G,,, we have A(G])DA(G1,1), so S(G")
5C. It means S(G)D>S(G,) nugec,€(0A,,1). Thus we have S(G) D S(G,). By the similar
argument to that of the proof of Lemma 1 we see S(G)C U, &(S(G))) and Lemma 2 is
proved.

By using Lemma 1 or Lemma 2 in each step of the use of Maskit’'s Combination
Theorem I or II, we have the following theorem.

Theorem 1. Let G be a finitely generated Kleinian group which is constructed from
G., -, G and fi,-, f, by a finite number of applications of Maskit's Combination
Theorems I and II. Then S(G)= v, cg(ui_; S(G)).

5. The residual limit sets of the first kind.

In [2], Abikoff. and Maskit proved that every finitely generated Kleinian group
can be constructed from G,,---, G5 and f,,--, f. by a finite number of applications of
Maskit’s Combination Theorems I and II, where each G, is an elementary group, a
degenerate group or a web group. Here each elementary group has at most one limit
point. From now on, we assume that G is finitely generated and is constructed in the
way mentioned above.

Theorem 2. L ,(G)C An(G).

Proof. Assume the contrary. Since A(G)—AyN(G)= Ugcg8(Ui_; AMG))), there exist
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a point z,eL,(G) and an element geG so that g(zo)e;\(G,v)‘for some 7 (1<:<s). If G, is
elementary, then g(z,) is a parabolic fixed point and we see A(G.)= {g(z,)} . By
conjugation we may set g(z,)=oc0, and may assume that the parabolic generator g, of
G ; which fixes o is a translation in the form g,: z—z +1. The point o is contained in
L (G) and there exists a sequence {C,!| of separators for G so that [C,! nests
about . For sufficiently large numbers m, and #n,, g5 (Cnr,) and Cu, cross each other.
This is a contradicition. Thus G, is not elementary. Next we assume that G, is a
degenerate group. From Theorem 1, there exist a web group G,(1=<7<s), a separator
C, for G; and a sequence {g,! in G so that {g.(C,)! nests about g(z,). Since the limit
set A(G,) is connected, g,' (A(G,)) cuts the separator C,. This can not occur and G,
must be a web group. If g(z,) is contained is some separator C’ for G, then g,(C,) and
C’ cross each other for a sufficiently large number ». This is absurd and we have
2(z0)eAo(G)=L,(G;). From Theorem 1, any separator for G is contained in the closure
of a component of G and the set of separators for G can not about g(z,). Thus G; is
not a web group and we complete the proof of Theorem 2.

In the proof Theorem 2 we have seen the following result.
Corollary 1. Any parabolic fixed point of G is not contained in L ,(G).

We say that a limit point zeA(G) is a point of approximation if there is a sequence
(gl of G and a point xeé— {z} so that the spherical distance d(g.(z), g.(x)) does
not converge to zero. In [6] Maskit proved that every point of An(G) is a point of
approximation. Thus we have

Corollary 2. Every point of L,(G) is a point of approximation.
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